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Quasi-cylindrical wave contribution in experiments
on extraordinary optical transmission
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A metal film perforated by a regular array of subwavelength holes
shows unexpectedly large transmission at particular wavelengths, a
phenomenon known as the extraordinary optical transmission
(EOT) of metal hole arrays'. EOT was first attributed to surface
plasmon polaritons, stimulating a renewed interest in plasmonics®*
and metallic surfaces with subwavelength features®’. Experiments
soon revealed that the field diffracted at a hole or slit is not a surface
plasmon polariton mode alone®. Further theoretical analysis® pre-
dicted that the extra contribution, from quasi-cylindrical waves'*",
also affects EOT. Here we report the experimental demonstration of
the relative importance of surface plasmon polaritons and quasi-
cylindrical waves in EOT by considering hole arrays of different hole
densities. From the measured transmission spectra, we determine
microscopic scattering parameters which allow us to show that
quasi-cylindrical waves affect EOT only for high densities, when
the hole spacing is roughly one wavelength. Apart from providing
a deeper understanding of EOT, the determination of microscopic
scattering parameters from the measurement of macroscopic
optical properties paves the way to novel design strategies.

Understanding EOT quantitatively has been one of the main chal-
lenges in plasmonics in the past decade (see ref. 7 for a review). An
important contribution to EOT may be the quasi-cylindrical wave
(QCW), which is the field diffracted at a subwavelength indentation
on the metal surface, simultaneously with the surface plasmon polariton
(SPP) contribution''""*. The justification for separating these two field
contributions lies in the fact that QCWs exist in the absence of SPPs,
that is, for a perfect electric conductor interface'®'>'* and for a dielectric
interface'. For a perfect electric conductor, the QCW is just a cylindrical
wave in free space with a 1/x"/? decay rate, x being the distance to the
scatterer. For metals of finite conductivity at optical frequencies,
the cylindrical-wave behaviour is seen only in the vicinity of the indenta-
tion, within a distance of a few wavelengths. Farther from the indentation,
the QCW decay rate increases until it reaches an asymptotic algebraic
value of 1/x at large distances (x— ). Because of the periodicity of
hole arrays, all these decay rates are simultaneously present in EOT.

Another important result in our understanding of EOT was the
development of a semi-analytic SPP model, which quantifies the
SPP contribution to EOT. This microscopic model relies on scatte-
ring parameters that describe the interaction between the incident
light and the holes. The microscopic model correctly predicts the
EOT line shape but underestimates the magnitude of the transmission
by a factor of roughly two for visible frequencies. These results suggest
that SPPs are responsible for only about 50% of EOT?, with the other
50% due to QCWs. So far, this interpretation is purely theoretical
and remains conceptual, and we are not aware of any experimental
confirmation. The likely reason for this is that many scattering
parameters in the model are dispersive and had to be calculated
using complicated simulations’. Measuring all these parameters with
sufficient accuracy is a tremendous experimental challenge that we
address here.

In this Letter, we provide direct evidence for the respective roles of
SPPs and QCWs in EOT, by exploiting the fact that they have different
characteristic damping lengths. We do this by measuring the trans-
mission spectra of a series of hole arrays with varying hole densities,
designed to resonate at the same near-infrared frequency (~750 nm).
We find that the normalized transmission peaks of all the low-density
arrays are almost identical. The array of highest density, which cor-
responds to the classical hole array in ref. 1, has a hole spacing that
corresponds to a QCW damping length of one wavelength. This array
shows a pronounced increase in normalized transmission compared
with the transmission of the other arrays. The observation of this
atypical behaviour for the highest-density array is direct proof of the
involvement of QCWs in EOT, or more generally of the QCWs in
phenomena related to subwavelength metallic gratings.

Figure la illustrates how we vary the hole density: we increase the
distance between ‘hole chains’ (lines of holes whose separation in the
ydirection, a, = ag = 450 nm, we do not vary) while keeping the pro-
perties of these chains fixed. The distance between the chains is chosen
to be a, = qay, where g =1, 2, 3, 4, 6 and 7. The holes perforate two
metal layers: a 150-nm gold layer that is deposited on a glass substrate,
and a 20-nm chrome layer that damps the SPP at the air interface
(Fig. 1b). Figure 1c shows a scanning electron microscope image of
the g = 2 hole array. We measure the zeroth-order transmission spec-
tra of each array using light polarized in the x direction. As a result,
SPPs propagating along the y axis are negligible™'*'*,

Figure 2a shows the measured spectra on a semi-log scale. Each
array has a transmission peak between 735 and 775 nm, which shifts
to shorter wavelengths as the hole spacing increases. The transmission
minima of these resonances are at 724 * 4 nm, which is very close to
729 nm, the expected value of Re(n.g)ag, where n.is the ratio between
the magnitude of the SPP wavevector and that of the free-space wave-
vector'*. The magnitudes of the transmission minima range between
0.6 X 10™* and 2 X 10™* The resonance peaks are the result of a
surface wave propagating in the x direction, with the number of oscil-
lations per lattice period equal to the value of g for the hole array. For
q =4, 6 and 7, additional resonances are also visible at wavelengths
between 800 and 1,000 nm. These resonances correspond to a surface
wave propagating in the x direction with g — 1 oscillations per period.

As evidenced by the log-scale plots, the zeroth-order transmission
drastically decreases as the hole density decreases. As will be explained
below (equation (2)), it essentially scales as 1/q2. Thus, in Fig. 2b we
plot the product of g* and transmission on a linear scale, for g = 1,2, 4
and 6. The results for g =3 and 7 have been removed for clarity. By
plotting the data on a linear scale, we see that the scaled transmission is
almost constant when going from g = 2 to ¢ = 6. However, for g = 1
the transmission peak is markedly larger, being more than two times
larger than all the other peaks. The fact that all the arrays except g =1
have almost identical extraordinary transmission peaks is not coin-
cidental and, as will be explained below, reveals the resonant trans-
mission due to SPPs only. In this respect, the sudden and marked
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Figure 1 | Sample design. To demonstrate a QCW contribution to EOT, we
compare the transmissions of a series of hole arrays that have different densities
and all resonate at the same wavelength. a, To decrease the hole density, the

distance between hole chains is increased. b, The relevant scattering processes.
At the left hole chain, there is an incident SPP (red arrow) that is transmitted

increase of the peak transmission for the highest density (g = 1) is one
of our main results: it is a direct signature of the additional short-range
contribution of the QCWs to EOT.

The previous conclusion is inferred qualitatively on the basis of the
difference in damping lengths between SPPs and QCWs. Using the
microscopic SPP model in ref. 9, we now aim at providing a fully
quantitative analysis of the data in Fig. 2 to support our conclusions
explicitly. The main drawback of the microscopic approach is that it
requires knowledge of many dispersive, complex-valued parameters,
which need to be calculated using full-vectorial simulations at every
wavelength. This precludes its direct application to the analysis of
experimental data. Below we discuss the model in depth and show
that an analytical expression involving only five independent, real,
non-dispersive, fitted parameters accurately reproduces the whole
set of experimental spectra in Fig. 2 for g =2, but produces wrong
predictions for g = 1.

The microscopic model, as originally formulated in ref. 9, considers
one-dimensional hole chains (along the y direction) to be the element-
ary scatterers of the hole arrays and assumes that the electromagnetic
interaction between the hole chains is mediated only by the SPP modes
on unperturbed interfaces, the QCWs being totally neglected. The
microscopic model couples three modes: the SPP mode at the gold-
glass interface, which consists of SPPs propagating in both directions
along the x axis; the fundamental mode within the holes; and the free-
space modes.

The modes are coupled by the following scattering parameters
(Fig. 1b). An incident SPP can couple into the holes of the hole chain
(), couple to free space (ff), or be transmitted (1) or reflected (p). An
incident plane wave can couple to a SPP () or directly into the holes of
the hole chain (#). The propagation of the SPP from one hole chain to
another is described by e ~ 4, where kypp = 2mnegl A is the wavevector
magnitude of the SPP on a flat gold-glass interface and a is the distance
between the hole chains. Because we keep the hole size constant for
each array, the scattering parameters (o, 5, p, T and t) should be the
same for each array. Only the hole spacing a, depends on the para-
meter q: a, = qay.

In line with the coupled-mode approach proposed in ref. 9, we
derive (Supplementary Information) the transmission coefficient, f;,
of a single hole chain, modified by the SPPs excited at the surrounding
hole chains:

(1), reflected (p), coupled into the hole () or coupled to free space (f3). At the
right hole chain, there is an incident free-space mode (red arrow) that scatters
into a SPP (f8) or couples into the hole (¥). ¢, Scanning electron microscope
picture of the g = 2 hole array.
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The assumption that the hole chains excite only a plane SPP wave in
the x direction is valid if the incident polarization is along the x axis.
Moreover, the holes within the hole chain have to be less than a SPP
wavelength apart’. The model neglects the influence of the metal-air
interface. In Supplementary Information, we show that this assump-
tion holds if the SPPs at that interface are sufficiently damped by the
chrome layer.

The optical transmission measured at a particular angle is a sum of
the field contributions from all illuminated hole chains. If we define N,
as the number of illuminated hole chains for the g = 1 array, N = Ny/q
is the number of hole chains as a function of q. In the zeroth diffraction
order, the contributions from all hole chains are in phase, and the
transmitted intensity is hence®'

Tocl/q|t[* (2)

where the proportionality factor is independent of q (Supplementary
Information).

Equations (1) and (2) are not yet simple enough to be used to model
experimental data. The six scattering parameters are complex, such
that there are twelve real-valued parameters. To reduce the number of
free parameters, we combine o and f§ into aff and p and 7 into p + 1.
Furthermore, we need only consider the phase difference between ¢
and of. For the complex variable kg, we combine previously mea-
sured, linearly interpolated values for the gold properties* with a
measured value of the index of refraction of the substrate (1.51).
This leaves us with a model with five free parameters.

Another crucial step towards fitting the model to the data is the
wavelength dependence of the parameters. We use the following appro-
ximations: t o< 4”7, as indicated by several studies’?*3% aff oc 1%, in
rough agreement with fourfold reduction in the magnitude of ofs for a
wavelength increase of 38% (ref. 9); we keep p + T constant, as calcula-
tions show that this sum has limited dispersion; the phase of p + 7 and
the phase difference between s and ¢ are also kept constant as functions
of wavelength. As a result, we have the following fit equation:
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Figure 2 | Measured transmission spectra (solid curves) and the fitted SPP

model (red dashed curves). Each dashed curve has the same parameters except

for the g value. The parameters are based on a fit of equation (3) to the data of

arrays with g = 2. The black dashed curve is a model prediction, plotting

equation (3) with the same parameters as the other curves but with ¢ = 1.a, The

model accurately predicts all maxima and minima of the measured data for

q = 2, showing that the transmission of these arrays is dominated by SPPs.

b, Plotting the product of g* and transmission shows that there is a marked

increase in transmission for g = 1 relative to the other arrays. By also plotting

the SPP model, we show that this behaviour is not predicted by considering

SPPs alone.

where 4o = 800 nm and p; to ps are the five real-valued parameters in the
model. The physical significance of parameters p; and p, is discussed in
Supplementary Information.

The fitted curves obtained with the model are shown with the red
dashed curves in Fig. 2. For the fit, we only used the data of arrays g = 2
to g = 7, as we expect the transmission of these arrays to be dominated
by SPPs. To ensure that the minima are fitted well, we fitted the base-10
log of the model to that of the data. The result is plotted in Fig. 2a, and
the fit values are given in Table 1. For the arrays with g = 2, 3,4, 6 and
7, the model describes the spectral positions of all minima and maxima
very accurately, including the (g — 1, 0) resonances that appear close to
the wavelength of 850 nm. The transmission magnitude also is well
modelled.

Notably, equation (3) (Fig. 2, dashed black curves) fails to predict
the experimental data for ¢ = 1. In particular, it underestimates the
transmission peak by a factor of 2.5. The latter is consistent with the
theoretical predictions in ref. 9, which conclude that SPPs account for
only half of the total transmitted energy at peak transmittance for
a resonance wavelength of 700 nm. In Supplementary Information,
we expand the SPP microscopic model to incorporate QCWs (see

Table 1 | The values of the fitting parameters p; to ps

Parameter Fit value Error
p1 0.0740 0.0006
P2 0.0243 0.0006
p3 0.681xn 0.013r
Pa 0.857 0.009
Ps 0.132n 0.006n
1.021 NA

‘ exp(iiksppao) ‘

For completeness, we also give the value of ‘ exp(—iksppao) ‘ , evaluated at 800 nm. We also give an
estimate of the error in the fit values. NA, not applicable.

equation (4) therein), and this extended model accurately describes
the experimental data for g = 1 (Supplementary Fig. 3). We emphasize
that this result is achieved using the same scattering parameters and
does not require any additional fitting.

The observation that the transmission spectra of these six different
hole arrays (including the particular g =1 case) can be described
with only five parameters is a considerable success of the microscopic
theory. Moreover, it is of importance that these parameters are directly
related to elementary scattering processes. It seems that the resonance
of a perforated metal surface can be modelled with a combination of an
SPP mode and a QCW on an unperturbed surface, taking into account
a few extra scattering parameters, which can be inferred from simple
transmission measurements.

Our experiments quantitatively show the respective contributions of
SPPs and QCWs to EOT. The main step in our analysis was the
derivation of the elementary scattering parameters defined in ref. 9
from classical transmission measurements performed on a series of
hole arrays. The possibility of making these microscopic scattering
parameters experimentally accessible may be paramount in under-
standing and designing complex periodic or aperiodic metallic struc-
tures. Hence, variations on this modelling approach may have
important implications in applying plasmonic structures to sensors,
photovoltaics, light-emitting diodes and lasers.

METHODS SUMMARY

The sample was fabricated as follows. Using electron-beam lithography, we
created pillars on a glass substrate. Then we deposited 150 nm of gold and, sub-
sequently, 20 nm of chrome. Finally, we etched away the pillars. Using scanning
electron microscope pictures of each array, we measured the average hole radius to
be 81 * 4 nm. By studying the position of the diffraction orders using a 635-nm
laser diode, we found that for all arrays a, has the same value to within 2 nm. Each
array covers an area of 400 pum X 400pm.

The transmission spectra were measured using the following set-up. The light of
ahalogen lamp was filtered (long pass, 600 nm) and coupled to a 200-pum-diameter
fibre. The light coupled out of the fibre was polarized along the x axis. The end facet
of the fibre was imaged onto the sample with a magnification of 1.5. The 300-pm-
diameter spot was centred on the 400 pm X 400 um arrays. The zeroth-order
transmission was imaged (magnification, 2/3) onto a 365-um-diameter fibre that
led to an Ocean Optics 2000+ USB spectrometer. To measure the reference
spectrum, we moved the sample out of the beam using a stage.

An accurate measurement of the transmission spectrum requires sufficient
spatial and temporal coherence of the illuminating and detected light. The spatial
coherence at the sample was guaranteed by the limited numerical aperture
(~(6 = 2) X 10~?) of the illumination. This corresponded to a coherence length
of a few tens of micrometres on the sample*, which is much longer than an SPP
propagation length. Temporal coherence was ensured by the spectral resolution of
the detecting spectrometer. The 1-nm resolution corresponded to coherence times
of hundreds of femtoseconds® and was an order of magnitude finer than strictly
needed.
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