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We present a new, fully analytical point scattering modeliclhcan be applied to arbitrary anisotropic
magneto-electric dipole scatterers, including split riegonators (SRRs), chiral and anisotropic plasmonic scat-
terers. We have taken proper account of reciprocity andtiati damping for electric and magnetic scatterers
with any general polarizability tensor. Specifically, westhow reciprocity and energy balance puts constraints
on the electrodynamic responses arbitrary scatterersaanth light. Our theory sheds new light on the mag-
nitude of cross sections for scattering and extinction,fanthstance on the emergence of structural chirality in
the optical response of geometrically non-chiral scatsdike SRRs. We apply the model to SRRs and discuss
how to extract individual components of the polarizabilibatrix and extinction cross sections. Finally, we
show that our model describes well the extinction of stetfi@eers of split rings, while providing new insights
in the underlying coupling mechanisms.

I. INTRODUCTION lars. On the one hand, data are compared to brute force finite-
difference time-domain (FDTD) simulations of Maxwell's

. _ o equations, usually showing good correspond@hgé’:18.25.26
_Research in the field of metamaterials is driven by the posyyhjje the FDTD method is a rigorous method, such numeri-
sibility to control the properties of light on the nanoscaie 4 experiments do not in themselves provide insight it ho

usi_ng co_upled resonant nanoscatterers to create optical M&y it rings scatter or hybridize in coupled systems. There i
terials with very unusual effective medium parameters. Engyeneral consensus that to lowest order, metamateriak inter
gineering arbitrary values for the effective permittivitand 5 tions in lattices of scatterers like SRRs must be destribe
permeability, would allow new forms of light control based  ,y, magneto-electric point-dipole interactions. Henceypie

on achieving negative index materfafs or transformation | ¢ circyit models with dipolar coupling terms are the second
optics medié that arbitrarily reroute light through space. In main interpretative tool to predict, e.g., frequency shiftie

order to reach such control oveand, many metamaterial 4 glectric and magnetic dipole-dipole interactions itides
building nanoblocks have previously been identified as havz 4 oligomer$23:3334 To rationalize this LC circuit intuition,

ing an electric and magnetic response to incident light, inseyera| authors have analyzed current distributions oédai

; - ) el .
cIu_dcllnzg split ring resonzté)_rl% (SRRS)’, rod-pairs?, _cu;éwwe by FDTD simulations in order to retrieve the microscopic pa-
pairs<, fishnet structur and coaxial waveguides In  ametersice,, the polarizability) underlying such a dipolar in-

many instances, the nanoscatterers are not only integeain o action model, and in order to estimate multipolar correc
building blocks in subwavelength lattices of desigreand i, ,<18-20,35-38

. The building blocks are in fact very strong scatterers with
large cross sectioh&2%, comparable to the large cross sec-
tions of plasmonic structures. Therefore, metamateriddibu
ing blocks are excellently suited to construct magnetieant
nas, array waveguides and gratings in which electric and ma

netic dipoles couple and form cooperative excitationsnial-a ¢ as a parameter. Hence, they contain no retardation or in-

ogy to the functionality imparted by plasmon hybridizabn terference, they violate the optical theorem, do not ptedic
Experiments outside the domain of effective media have ap. ’ ’

peared anly recently. These experiments include eXpet.Emen(iuantitative cross sections, and fail to predict the effext
X : X i super- and subradiant damping on resonance linewidths. A
by Husniket al ., and Banzeet al 22 that quantify the extinc- P ping

i " £ sinal lt ri der diff fair comparison of intuitive point-dipole ideas with actdata
ton Cross section ot singie Spiit rings under di erentbjepy- is therefore impossible, unless a fully electrodynamiotie
ized illumination, as well as a suite of experiments on cedpl

: Th ; s includ ncti s for magneto-electric point dipoles is derived. Such a theor
systems. These experiments inciude extinction measutsmen, , , generalize the electric point scattering theory tbat

on splitring dimeré’ that p_oint_at resonance hybridization, as well known as very effective means to describe random media,
well as reports of magnetlzatlon_Wa%sstructural and geo- extraordinary transmission and plasmon particle af®a§s
m_etrlcal C*;lgﬁz‘"w'” arrays, as ewo_lent In €.9. massweujmr In this paper we derive exactly such a theory for general
dtchro:jsg’? Li ,etagldsé:hlral effects in split ring stereo-dimers magneto-electric scatterers. We show how reciprocity @ad e
studied by Liuet al.=. ergy conservation restrict the full magneto-electric cese

In order to understand the light-metamatter interaction irvia Onsager constraif&*> and a new magneto-electric op-
systems of strongly coupled magneto-electric scatteiteiss, tical theorem for the full polarizability tensor. This tems
important to understand how individual metamaterial bogd  not only includes an electric (magnetic) response to etectr
blocks are excited and how they scatter. So far, explanation(magnetic) driving, but also off-diagonal coupling in whia
of the observed phenomena have mainly rested on two pilmagnetic (electric) response results from electric (maghe

While there is general consensus that to lowest order, meta-
material interactions must essentially be magneto-étectr
point dipole interactions, we note that the dipolar cirondd-
els in use so far have some significant shortcomings. Strictl
%peaking, the electric circuit theories lack the velocitlight
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driving. While our theory sheds no light on the microscopicthe incident light

origin of the polarizabilit§, we show how electrodynamic

polarizability tensors can be directly constructed fromdic o — < QEE CEH ) ' )
cuit models. Furthermore we predict how extinction measure OHE OHH

ments and measurements of radiation patterns (i.e., éiffer
tial scattering cross section) can be used to quantify therpo
izability tensor.

Here,a g quantifies the electric dipole induced by an applied
electric field. The tensorial nature efg g is well appreci-

. . . . . ated in scattering theory for anisotropic particles, sihplas-
The paper is structured in the following way: Firstly, in J y piep p

. . S monic ellipsoidé®. By analogy with the electric response to
Sectior(]) we derive the general theory, taking into full aC electric driving quantified by o, the tensorx;  quantifies

count rgciprocity, the optipal theorem and radiation d.mgp'. the magnetic dipole induced by a driving magnetic field. Fi-
In Sectior(1l we apply this the_ory to set up the pol_anzaplll nally, the off-diagonal blocks represent magneto-eleciou-
orthe ";‘.rcr?eﬁyp'Ca';"eta"r‘f‘tﬁ”a'tb”;'d'”g plock ASNGYS _ pling. The lower diagonak s - quantifies the magnetic dipole
tn Eic. 10 th V\t'e S OWV‘; Ic Ee; 0 Sc(p?r'g‘ter? f can etuse duced by an incident electric field, anggz; quantifies the

o retrieve the tensor polarizability. We find that magneto- - g|q ¢ dipole induced by an incident magnetic field. Such

electric coupling directly implies circular dichroism ihe magneto-electric coupling is well known to occur in the con-

teﬁtlncnfn dOf S|r_1tg);Ie fp“ttrmglls'h.ev'gégg"jrgh.tré? utility ﬁﬂr stitutive tensors of metamaterialsndeed, the first metama-
eory to describe structural chiraity=. 1hirdly, We SNOW = 4a 4915 consisted of split ring resonators, in which there i

n Se(_:t|o_|m that th_e theory can be simply applied to Obtalr'magnetic response without any driving magnetic field in nor-
quantitative scattering spectra of coupled systems. By(vf/z_:\y mal incidence experimer#& However, the relative strength
example we examine the case of two coupled resonators in tl}ﬁ magneto-electric coupling in the polarizability, i.evs,

stereodimer configuration reported by Liu e84l anda; have not been experimentally quantified.

Il. MAGNETO-ELECTRIC POINT SCATTERER B. Electrodynamic Onsager relation

A Polarizabilit There are several constraintsan In addition to any sym-
. y : ; .
metry of the scatterer itself that may impose zeros in the po-
o ) . o larizability tensor, these constraints are due to recipye@nd

A paradigm in scattering theory is the point dipole scat-tg energy conservation. We start by examining the consgrain
tereP?=41454%0 model scattering by very small, but strongly jmposed by reciprocity. It is well known from the field of
scattering particles. Generally, incident fiel#sand H in-  pj_anisotropic materiaf that reciprocity imposes so-called
duce a (complex) current distribution in an arbitrary sa@t.  Onsager constraints on the most general constitutive tenso
It is the express point of this paper to assess what the scalelating (D, B) to (E, H). Already Garcia-Garciat al 47
tering properties are of subwavelength scatterers witngtr proposed that such Onsager constraints carry over directly
electric and magnetic dipole moments, as this represeets thg electrostatic polarizabilities. Here we rigorously ider
physics expected of metamaterial building bldeke*3447  5nsaqer relations for electrodynamic magneto-electrintpo
Therefore we retain only electric and magnetic dipole termsscatterers. By, definition, the electric and magnetic fielas
neglecting higher order multipoles. In such a theory, eaclg the inducegp andm are equal to
scatterer is approximated as an electric dipole with artritec
dipole momenip = oz E that is proportional to the driv- ( Eou ) pey— ( P )
ing electric fieldE. The proportionality constant is the po- H,.: | ’ m )’
larizability o g . In this paper, we derive a generalized point
scattering theory for metamaterials that includes a magnetwith a dyadic Green tens@" that describes the field at posi-
dipole momenin on an equal footing with the electric dipole tionr = (z,y, z) due to adipole at’ = (z',3', 2’). The 6x6
momentp. In the most general case, the electric dipole mo-Green dyadic of free space can be divided in fouBdlocks
mentp and magnetic dipole moments are induced by both

0 / 0 /
the external electric and magnetic fiellsand H accordin 0 n_ [ Gep(r,r") Ggg(r.r')
to ’ ’ )= (G%EW') Ghyirr) ) @

®)

E The 3x3 diagonals correspond to the familiar known elec-
( p ) =a ( o ) (1) tric field Green dyadi#4! and magnetic field Green dyadic
m of free space, which in our unit system (see Appendix) both

equal
Throughout this paper we suppress harmonic time depen-q

dencee~**, We use a rationalized unit system that signif- 0 , 0 , ) eiklr—r’]
icantly simplifies all equations and is fully explained inAp ~ Gee(r.7") = Gyu(r,r') = (Ik* + VV)
pendiXA. In Eq.[(1).« is a 6x6 polarizability tensor, which

consists of four %3 blocks, each of which describes part of The off diagonal blocks correspond to the mixed dyadics that
the dipole response to the electric or magnetic component afpecify the electric field at due to a magnetic dipole af,

m

(5)

r =
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respectively the magnetic field adue to an electric dipole at general point dipoles proposed in this work can be used as mi-

r’. Explicitly: croscopic building blocks for an exact scattering theoat th
0 , 0 , describes the formation of bi-anisotropic media from dense
Geu(r,r') = —Gpp(r,r’) lattices of scatterers in the effective medium limit. Indge
0 0, —0y ciklr—r'| since the point scattering building blocks fulfill the Oneag
=ik | =0, 0 0O, — constraints, they are natural building blocks to deriveeff
0y —0r O [ — | tive media constitutive tensors by homogenization thad als

(6) satisfy the Onsager relations.

In this work we focus solely on scatterers made from recip-

rocal constituents, as is commonly true for the metallid-sca C. Optical theorem

terers that constitute metamaterials. Since the matdtiats

compose our scatterers (typically gold and silver) satisty- It is well known in point scattering theory for electric
procity microscopically, the polarizability tensor mudsé@  dipoles that polarizability tensors are not solely limiteg
lead to a scattering theory that satisfies reciprocity. reciprocity and spatial symmetry, but also fundamentajly b

To derive reciprocity constraints am, it is sufficientto ex-  energy conservation. Indeed, energy conservation imposes
amine the Green function in the presence of just one poinan ’optical theorem’ that constrains the polarizability aof
scatterer at the origin. This Green function that quantifies  electric dipole scatterer to ensure that (in absence of-mate
field atr, due to a source a4 in presence of a single scatterer rial absorption) extinction equals scattefigWe proceed to
atr, can be written a8:40:20 examine these constraints imposecariet us first recapitu-

late the well known case of a scalar electric scatf&dr An

G(ri,m2) = GO(r1,72) + G*(r2,75)aG  (r,71),  (7)  electric scatterer will absorb and scatter part of the incom
ing light, that together make up the extinction of a dipole.
Extinction for an electric scatterer corresponds to thekwor
done by the incident field® in order to drive the dipole

Grp(re, 1) Gea(rar) ) p. The work perdz())ptical cycle nee.dec_i to drigeequals
Gup(re,m) Gum(re,rm) ) — W_ =< ReE '.RQE >, where<:> |nd|catgs_cyclta_ aver-
r aging. E_valuat_lng the work per cycle, and dividing it by the
Gggr(ri,r2) —Ggp(ry,re) incident intensityl;, = |E|?/2Z (Z the impedance of the
(—GHE(’I"l,’PQ) Gupu(ry,re) ) host medium) leads to.., = W/, = 4rklmagg. Scat-
(8) tering corresponds to far field radiation radiated by th@ldip
p. According to Larmor, the cycle-averaged scattered power
which is equivalent to nqting that swapping source and (_det(_eq351 P = 4§r_§4|p|2. Hence one obtains the well known cross
tor leaves the detected field unchanged, up to a change in sig€ections
Specifically, Lorentz reciprocity requires a transposetifier
diagonal %3 blocks, meaning that swapping a detector and
source of like character leaves the detected field unchanged
An extra minus occurs for the off-diagonal terms,, when
swapping a magnetic (electric) detector with an electriadm
netic) source. Itis easy to verify that EQl (8) is indeedsiatil
by the free space Green functiGi.

Reciprocity requires for any Green functiGh(similarly split
in four blocks) that

Oext = AmkImagr and ogeat = 8%/{4|OZEE|2. (11)

Equating extinction to scattering for nonabsorbing pati¢o
impose energy conservation, gives rise to the optical #raor
for the polarizability

Using this fact, we evaluate Ed] (8) for the Green function )
in Eq. (7) to find if reciprocity constrains. Since reciprocity Ima = 51*33|CVEE|2 (12)
is clearly satisfied for the first term in Ed.(7), we now focus
on the second term This equation for instance shows the well-known fact that a

real (electrostaticyy, such as Rayleigh’s polarizability =
G°(r2,75)aG (15, m1) = G°(r1,7,)aG (rs,m2).  (9)  3V(e — 1)/(e + 2) for a small sphere of dielectric constant
e, never satisfies the optical theor®m An electrostatiax

Expanding the matrix products in Ed.J (8) while making usecan be made to satisfy the optical theorem by adding radiatio
of the reciprocity of the free Green function results in the O damping®4 to obtain the dynamic polarizability
sager relations for the dynamic polarizability:
11 2.,
OéEEZOégE, aHH:a%}H, and OéEH:—OéTI;E E:Oé_o_zgk . (13)
(10)
It is easy to verify that the albedo of a scatterer with palari
These relations are identical in form to the Onsager relatio ability given by Eq.[(IB) is
for constitutive tensofs, but are now derived on very differ-
ent grounds for the polarizability of electrodynamicallyne g = Tseat _ 1

sistent point scatterers. This gratifying result shows tha Oext 1+ §k31ma0’
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confirming that radiation damping indeed transforms ang-los just the polarizability tensoex without reference to any in-
less electrostatic polarizabilitfiihcg = 0) into a scatterer cident field(Ei,, Hi,). In order to eliminatd E;,,, H;,,) we
that satisfies the optical theorem. Also material loss et  make the assumption (verified below for split rings) itxatan
in o via e evidently leads to a lossy scatterer< 1, as  be diagonalized. We call the eigenvectorsand denote the
expected. Many alternative derivations of Hq.l(13) have apeigenvalues, which we will refer to as ‘eigenpolarizatskt,
peared, for instance by making a size parameter expansion wfith A;. Expanding the incident field at the position of the
dipolar Mie coefficient. origin in the orthogonal eigenvectors

Inspired by the case of a simple electric dipole, we now
generalize the optical theorem and the concept of radiation E.,
damping to the full 6x6 tensorial polarizability of arbitya ( H, ) => v, (19)
magneto-electric scatterers. In this case, the work done pe i

unit cycle by the incident fieldZ;, and H;, to drivep andm
is equal to and withaw; = A;v; and(v;|v;) = d;5, Eq. [18) reduces to

dm

7 > (14)

dp
W = <« ReFE;, -Re— + ReH,, - Re 2 6 6
dt §k32|ci|2|Ai|2 2 Z|Ci|21mAi, (20)
i=1 i=1

which evaluates to

W 2—7T/~clm [( E. H., )* o < E;, )] 7 (15) with strict eq_ue_llity for lossless scatterers. Since thisa_eiq)n
H; must be satisfied for any choice of incident wave (i.e., any
combination of¢;), we find a generalized optical theorem for

where(-)" indicates complex conjugate. The power per solidg, g hojarizability tensors that can be expressed in terms of
angle radiated by the induced dipoles in a direction specifie 1, eigenpolarizabilities as

by a unit vector? is easily found by calculating the far-field

Poynting vector from Eq[{3). The result is composed of three 9

terms: §k3|Ai|2 > ImA; Vi=1...6, (21)
dp dp, dP,  k*

—P2 L =L Re(pxm) -7, (16)

a0 " da T aa oz again with strict equality for lossless scatterers. Eq) (@t

, i .. plies that the polarizability tensor represents an eneayy c
The first term in Eq.[{16) represents the scattered rad'at'OEerving scatterer, if and only if each of its 6 eigenpoldika
of just the electric dipolg, which integrates to a total scat- jiies are chosen to satisfy the simple scalar optical theore
tered power given by Larmor's formula. The second term ingq [12)) derived for electric scatterers. This generai-op
Eq. (I6) represents the radiation pattern of just the mamnet .5 theorem highlights the importance of two new quantities

dipole m, again given by Larmor's formléla. Note that both e eigenpolarizabilities, and the corresponding eigetore
terms simply represent the well knowim” ¢ donut shaped ¢ he point scatterer polarizability.

radiation pattern fop andm. The third term, however, can In Eq. [13) we reviewed the well-known addition of radi-
completely change the radiation pattern, as it containgthe ation d(l{m ing reauired to make electrostatic polariztdi
terference between the fields pfandm. Hence the relative . ping req i P

satisfy the optical theorem. Since metamaterial scatiener

phase between the inducpdandm is important for the dif- . T ;
ferential scattering cross section. To obtain the totattsred frequently tregted via electrqstanc_cwcun models, ilbbe
y extremely fruitful to generalize this method to generalt

power, one should integrate ER.{16) over all solid angle Th electrostatic polarizability tensors. It is now evidetiat we

interference term integrates to 0, as is easily seen frorfatte . . . L
itis an odd function of. Therefore, Larmor’s formulaimme- 2" simply apply the sc_;alar recipe to eaph e|genpc_>lar|1yabll
' ' separately. An alternative notation for this method is:

diately generalizes, and the scattering cross sectiongqua

_Ar e | a = a5t = 2kl 22
P =k (17) 0 3 (22)
Equating extinction to scattering results in a conditioatth We note that this expression, which is identical to Eqg] (13)
must be satisfied for any incident fig(d;,,, H;,,) upon replacement of /(-) by matrix inversion, provides a
unigue relation to translate a magneto-/electrostatianiol
Im {( E, H,, )* a ( flin )} — ability tensora derived from RLC circuit theory, to the cor-
i responding electrodynamic polarizability that satisfresdp-
2 4 % T E,, tical theorem. We can hence consistently assess how weuiti
gk [( Eyn Hy) oo < H,, )] ' ideas based on a microscopic RLC circuit model for electro-

(18) static Qipoles lead to quantitative pre_d@ctiqns fo_r e>4i'u_m:,
scattering, as well as resonance hybridization, diffoacénd
Due to the tensorial character ofit is not immediately ev-  super/sub radiant damping in coupled systems, such as peri-
ident how to extract a useful optical theorem that constrainodic systems, or arbitrary finite clusters.
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FIG. 1. Split ring radiation patterns corresponding to tbéapzability tensor eigenvectors. Panel (a): (Sketchimgle split ring resonator
can have an electric dipole momeanilong thex-axis due to charging of the split. Circulating currgrin the ring gives rise to a magnetic
dipole momenim in the z-direction. Panels (b,c): Radiation patterns of the tweeigodes of an SRR in the case of no off-diagonal magneto-
electric coupling4e = 0.7, 7z = 0.3, 7¢ = 0). The electric dipole moment oriented along thexis radiates most of its amplitude in the
ky, kz plane, while the magnetic dipole oriented along tkexis radiates mostly into ther, ky plane. Panels (d,e): radiation patterns of the
eigenvectors with magneto-electric cross coupling & 0.4). Panel (f): indication of the polarization of the light fatkd by the eigenvector
with largest eigenvalue (panel (c)). Light is linearly pitad for wave vectors along the cartesian axes, but elfifiti polarized in general.
The direction of strongest circular dichroism in extinat@nd scattering is in thez-plane.

I1l. POLARIZABILITY OF SPLIT RING RESONATORS The symmetry constraints that set which elementegkr
are zero, are valid both for the electrodynamic and electro-
static polarizability of split rings.

A. Symmetry
As an example of our general theory we consider the spe- B. Quas-electrostatic RLC model
cific example of split ring resonators. The electrostatie po
larizability of split ring resonators was discussed fotamse We will now construct the electrodynamic polarizability by

by Garcia-Garcia etdl We consider the LC resonance of starting from an electrostatic polarizability derivedrfra sin-

an infinitely thin split ring in thery plane, with split oriented gle resonant RLC equation of motion. Therefore we take a
along ther axis, as shown in Figl1(a). Incident electric field common resonant frequency dependence out of the tensor el-
polarized along the: direction gives rise to an electric dipole ements, writing

p = (o5 Ez,0,0) oriented along the split of the SRR. As in

an LC circuit, the charge separation generated over theceapa ne 0 ... 0 e

itive split relaxes as a circulating current, hence giviisg to 0 0

a magnetic dipolen = (0,0, ajfz E,) in the z direction, in asitie — o(w) : _ . (24)
response to a driving E-field along*. The same is valid vice 0 0

versa: an applied magnetic field aloagnduces a magnetic
dipole momentm = (0,0, a3, H,) along thez direction.
The associated current accumulates at the gap, givingaise fvherer;, 7o andny are constant and(w) is a Lorentzian

—inc 0 ..0 ne

an electric dipole momemt = (ajfz H.,0,0) drivenbyH..  prefactor

If we assume that the LC resonance reaIIy only involpgs

andm ., we find that the polarizability tensor is filled with ze- w3V

ros, except for the four contributions described above.dden alw) = Wi —w? —iwy’ (25)

. 1 .
T2 0 . 0 ath Here,wy is the SRR resonance frequengy~ —m,wsthe

0 0 damping rate due to the Ohmic loss of gold ands the phys-
ical particle volume. As in the plasmonic case, this approxi
QSRR = : . : . (23)  mation is coined ‘quasi-static’, as it does contain frequyen
0 0 but does not contain the velocity of light The polarizability

oy 0 ... 0 offy obtained from the quasi-static polarizability once theatadn



6

damping term is added (sectibn Tll C Ef.122)) is called ‘dy-loss, the magneto-electric coupling terms are limited &y th
namic polarizability’. In this formulation, all the freqney  fact that all electrostatic eigenpolarizabilities mustdposi-
dependence, and the units @k rr are contained inx(w). tive imaginary part.

The parametersg, ng andnc are dimensionless. For a loss-

less split ringng, ng andne are all real. We assume that all

losses are introduced via To determine the sign ofz, ng IV. PREDICTED SCATTERING PROPERTIESOF SINGLE

andnc, we expect that for very slow driving the charge (cur- SPLIT RINGS
rent) on the capacitor directly follows the drividgy(H)-field,
implying ng > 0 andny > 0. The sign ofyc follows simi- In the remainder of the paper we discuss some insights that

lar reasoning, After charge build-up, charge associatélavi  the proposed magneto-electric point scattering theory pro
Pz = Re(a(w)npe "' E,) relaxes as counter-clockwise cur- yiges in how split rings scatter. In this section we will con-
rent, giving rise to a negativer. = Re(a(w)ince™'Ey),  sider the eigenmodes and the radiation patterns of a single
implying thatsign 7o = sign 7. SRR fora given by Eq.[25). Next, we predict which set
of experiments will provide full information on the elemsnt
of the polarizability tensor. We will show how the extingtio
cross sections can be translated back to retrieve SRR polari
abilities and magneto-electric cross polarizabilitiea single
Having constructed an electrostatic polarizability in@ec SRR. Although the results we present are general, we use a
dance with RLC circuit models proposed in earlier reportsgpecific set of parameters for all the figures presented in thi
we apply radiation damping according to Hq.I(22) to obtain aaper. These parameters are chosen to fit to the properties of
scatterer that has a correct energy balance: split rings that are resonantat= 1.5 um (wo /27 = 200 THz
9 and that consist of 200 by 200 nm gold split rings with a
agpp = ()™ — ZK°L (26)  thickness of 30 nm and a gap width of 90 nm. Thus we take
3 V = 200 x 200 x 30 nm®. We set the damping rate to be

So far we have not explicitly discussed absorption lossepic  that of goldy = 1.25 - 10 s™* as fitted to optical constants
through the inclusion of the material damping constam  tabulated in in Ref. 57. We usgz = 0.7, nz = 0.3 and

the quasi-static polarizability. Starting from a quasitistpo-  ’lc = 0-4. These parameters were chosen because (A) they re-
larizability with quasi-static eigenpolarizabilitietstatic, the produce quantitatively the extinction cross section umaber

C. Limit on magneto-electric coupling

albedo for each eigenilluminatian can be expressed as mal incidence along the-axis measured by Husniit ald, .
and (B) they fit well to our transmission data on arrays of dif-
u 1 27) ferent densities of split rings taken at normal incidéraned as

afunction of incidence ang® The chosen values correspond
to on-resonance polarizabilitiesg g = 4.6V, agg = 2.1V

It follows that for any lossy scatterer the imaginary part ofandagy = 2.5V, all well in excess of the physical SRR vol-
each eigenvaludsttic of the electrostatic polarizability ten- umeV as is typical for strong scatterers. Finally, we note that
sor must be positive to ensufe< a < 1. In the case of a the calculated albedo fits well to the albede= 0.5 to 0.75
tensoriala with loss included as in Eq_(24)[_(25), one needscalculated by FDTD by Husnik et &.

to explicitly verify that each eigenvalue has positive inmagy

part. The eigenvalues of EG._(24) &g’ = a(w)A+ with

— - . . o
A = ne+nuty/ (e nH)2+4nc_ Sincelm(a(w)) > 0 and A. Radiation patternsand eigenvectors of the polarizability

T 14 2k ImAse

A1 are real, we fin2d that both eigenvalues have positive imag- tensor
inary part only if both\, and\_ are positive. Thus, loss sets ) ] ] o
an additional constraint on the polarizability tensor, kimits In Fig. [1, we consider the eigenstates of the split ring po-
the magneto-electric coupling to larizability tensor presented in E@ZG)_. We first assunae th
the cross coupling terms are absent, ig:, = 0, in which
Inc| < vnenu. (28)  case the polarizability tensor is diagonal, with eigenppia

abilitiesa(w)ng anda(w)ny. The corresponding orthogonal
This result implies a very important limitation on magneto- eigenmodes arép,,,m,) = (1,0) and (p;,m;) = (0,1).
electric scatterers: it states that a magneto-electrigsccou-  Figures [1 (b) and (c) show radiation patterns of the two
pling (nc) can only be generated if there is a sufficiently eigenmodes. Figur&] 1(b) shows the radiation pattern of the
strong directly electric, and directly magnetic respong&  purely electric eigenmodg,., m.) = (1,0) and Fig. [1(c)
note that this constraint is very similar to the constraint o shows the radiation pattern of the purely magnetic eigen-
the magneto-electric cross coupling in constitutive temge- mode (p,,m,) = (0,1). Note that bothp, and m, ra-
rived for homogeneous bi-anisotropic media in Ref. 43 thatliate as simple dipoles with sin? ¢ far field radiation pat-
recently attracted attention in the framework of propofais terr?!. The two eigenmodes can be selectively excited by im-
repulsive Casimir forc&€82%. While our derivation was spe- pinging with a plane wave incident along theaxis with z-
cific for split rings, we note that similar constraints hotit f polarizedE-field (electric eigenmode), or with a plane wave
all magneto-electric scatterers. In the presence of nadteri incident along ther-axis withy-polarization ¢-polarizedH -



field, magnetic eigenmode). The extinction cross section of In order to measure the eigenpolarizabilities, it is neces-

a single split ring at these two incidence conditions is et b sary to selectively address the eigenvectors of the pelariz

Oext = ArkIm(agg) andoey, = drkIm(ag g ). ability tensor. As noted above, the eigenvectors in the case
Next, we consider extinction and eigenmodes for arbitraryof strong magneto-electric coupling: ~ /meng tend to

values of the cross coupling. It is easy to see that the extlnqpm m.) = (1,iv/ng/ng) and (1, —i\/ng/ne). These
tion cross section at the two special illumination conditio eigenvectors require simultaneous drivingfByandH., with
(incident alongz, z-polarized, respectively, incident along  a quarter wave phase difference. We note that such fields
with y-polarization) remain equal to.,; = 4rklm(arr)  can be generated by circularly polarized light with inciden
andoc,; = 4rklm(ayy). However, for nonzergc, these  wave vector constrained to thez-plane. Indeed, at maxi-
incidence conditions and polarizabilities do not corregbo mally strong magneto-electric coupling ang = 7z, cir-
anymore to the eigenvalues and eigenvectors of the polarizularly polarized light incident at5° from the z-axis would
ability tensor, which now have mixed magneto-electric ehar selectively excite exactly one eigenmode. Therefore, we ex
acter. In the extreme case of strongest magneto-electiic cOpect angle-resolved extinction measurements for opppsite
pling (nc = /MEnm), the eigenvectors reducetp,,m.) =  handed circularly polarized beams to reveal the eigenpolar
(1,iv/ne/nu) and(p,,m.) = (1, —i\/ng/ne). The asso- izabilities. Figurd P(b) plots the extinction cross sestfor
ciated far-field radiation patterns of these eigenvectorsee  right handed circular polarization, as a function of andie o
spond to coherent superpositions of the radiation pattean o  incidence in the-plane, for illumination tuned to the LC reso-
z-oriented electric dipole, and aoriented magnetic dipole, nance frequency. Naturally, at normal incidence the etitinc
with a quarter wave phase difference. Figurés 1(d,e) shew this exactly half the extinction obtained for linear polatieaa,
on-resonance radiation pattern, assumipg= 0.7,ny = 0.3  as a consequence of the fact tfigt does not interact with
andnc =0.4.  Note that these parameters are close to thehe split ring at all. Strikingly, the extinction cross sectis
limit of strongest possible magneto-electric couplingyufes  predicted to behave asymmetrically as a function of inaigen
[II(d,e) reveal that the radiation pattern of each eigenmede iangle. The extinction increases when going to positiveeng|
non-dipolar. Rather than gin? # donut-shaped pattern, an and decreases when going to negative angle. Changing hand-
elongated radiation pattern occurs, with maximum extent iredness is equivalent to swapping positive and negativeeang|
the y-direction. The polarization in the far field is linear for A detailed analysis shows that the maximum in extinction cor
directions along the cartesian axis, but is generally k. responds to the largest eigenvalue of the polarizabilitgde

(0ext = 2wkImay ), while the minimum in extinction corre-

sponds to the smallest eigenvalag,( = 27kIma_). There-

B. Extinction cross sectionsto measure polarizability fore, circularly polarized measurements reveal the eigei®s
of the polarizability tensor. Combining such circularlylae

Figure[2 shows the extinction cross section predicted byzed extinction measurements with the measurements under
our point scattering model of a single split ring for diffate Cartesian incidence in Figl 2(a), therefore allows to extad

incidence conditions. In Fid] 2(a), the incident wave vecto components O_f th_e polarizability tensor. In addltl_on to the
is swept from the:-direction to they-direction, while main- ~ contrast in extinction, the angle at which the maximum cir-
taining z— polarized light. For this set of incidence con- cular dichroism occurs is a second, independent measure for
ditions the resulting extinction cross sections only deioenthe magneto-electric coupling strengt_h. The measurenients
on app andaxy, and are entirely independent of the off- Fig.[2(a) and (b) together hence provide full, even reduhdan

diagonal coupling strength ;. The cross section increases Information onz, iy andic:.

from ooy = 4mklmaggp as the split ring is only driven

by the incidentE, field when light is incident along, to o

Oext = 4mk(Imapp + Imagy), as the split ring is driven C. Structural chirality

by the incidentE,. field plus the incident, field. When the

wavevector is rotated to the theaxis, the extinction cross The results plotted in Fig] 2(b) show that magneto-electric
section diminishes tdrkImag g, as the split ring is only coupling in the 66 polarizability tensor directly implies
driven by H,. The chosen valuesgy = 0.7,n7g = 0.3  structural chirality. It is exhilarating that this intetieg) phe-
andnc = 0.4 that we also used for Fidl] 1(d,e) yield ex- nomenon first reported B$° for the transmission of arrays
tinction cross sections.,; = 4rkImarr = 0.29 pm? and  of scatterers is naturally present in the theory. Howevailav
Oext = 4mkImapmy = 0.13 pm2. The predictedr.,; = previous analysis of structural chirality focused on traiss
drkImagg = 0.29 pm? is consistent with the measurement sion through periodic arrays, we predict that circular dich
(0ext = 0.3 um?) reported by Husnik et . It is impor-  ism already appears in the extinction cross section of a sin-
tant to note that measurements along cartesian incidence djle split ring, with a strength set by how close the magneto-
rections and with linear cartesian polarizations yieldydhe  electric coupling strength is to its lim{yng, 7z . The circular
diagonal elements of the polarizability tensor. Indeedgio-  dichroism in extinction occurs independently of whetheréh
posed measurements form a redundant set of measurementsofaterial loss, as opposed to, e.g., asymmetric trangmiss
agg,agy,and(agr+agy), butdo not provide any insight phenomenathrough arrays, that are claimed to requirgdissi
into the magneto-electric cross coupling in the electreayic ~ tion®®. For maximally magneto-electrically coupled systems,
polarizability tensof? the smallest eigenvalue is identically zero, implying thath
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FIG. 2. Extinction cross sectiaon.,; as a function of the illumination angle and polarizationud@lines represernt... for linearly polarized
incident illumination, while red lines represent extinctifor right handed circularly polarized illumination. Rdufa) shows extinction for
incidence wave vectors ranging frag to k, to k.. At normal incidence withk along thez-axis, oe.: is @ measure for onlggr asE; is

the only driving field. Increasing the angle 96° both polarizations®, and H. excite the dipoles in the SRR, 8Q.: is a measure for the
sum of the terms on the diagonal of the polarizability ter{sasz + o 7). Changing the angle to couple only the of the incident light to
the SRR gives.,: that is a measure for purelyx . Panel (bl..: as a function of the incident angle in the-plane (wave vector ranging
from —k, to k. to k). For right-handed circular polarization minima and maximao...: occur as a function of angle, which are a measure
for the eigenpolarizabilities.— anda., respectively. Both sets of measurements in panel (a) gnddbther provide information on all the
components of the polarizability tensetg g, agr, andag .

a scatterer is transparent for one circular polarizationd a Using this equation we can attempt to reinterpret recent mea
achieves its strongest scattering for the opposite haredsdn surements that evidence significant coupling in split rimgs
We expect that our 66 polarizability tensor can be success- 2D arrays, as well as in oligomé&®:233¢ Here we focus
fully used to describe all structurally chiral scatteregarted  on the extinction of a dimer of split rings in socalled ‘stere
today, as well as clusters and periodic arrays thereof. odimer’configuration, first studied by Liu et #. Figure [3
shows such a ‘stereodimer’, consisting of two SRRs in vac-
uum (V' = 200 x 200 x 30 nm?, resonant at a wavelength
around 1500 nm), both parallel to thes plane, vertically
V. A COUPLED SYSTEM: SPLIT RING DIMERS stacked with a small height difference of 150 nm. The up-
per SRR is rotated by a twist anglearound thez-axis. On

So far, this manuscript has focused purely on the scatteriniie basis of the report by Liu et &, we expect two reso-
properties of single magneto-electric point scatterensthe ~ hance peaks with an angle dependent splitting, which can be
remainder of the paper we illustrate that our method can béxplained in an LC model as the summed effect of electric
easily used to analyze multiple scattering by magnetotratec  dipole-dipole coupling and magnetic dipole-dipole congli

scattering clusters. In order to calculate the responsesg$a We calculate the extinction versus twist angle and wave-
tem of coupled magneto-electric dipoles, we generalize thf‘ength of an incident beam incident from the: direction,
general self-consistent equation that describes seadt@fi ity ;-polarization. This beam directly excitgs, in both
clusters of electric dipolep as reviewed iff. Assuming a rings, which also drive each other. We first analyze the éxper
system ofN magneto-electric point scatterers situated at POtent assuming that there is no magneto-electric couplimg te
sitions_rl ...TnN, the response upon illumination by an inci- (settingnc =0, although we keepr =0.7 andnz = 0.3).
dent field(Ein(r), Hix(r)) is determined by a set a¥ self  aq Fig [3(b) shows, the extinction shows a single strong res-
consistent equations for the induced dipole moments in €ach,ance that is blueshifted relative to the single SRR reso-
scatterer. The dipole moment induced in scatteraith po-  hance at 200 THz. As a function of twist angle, this broad
larizability tensorc,, is resonance redshifts to 200 THz at a twist of 98nd shifts
back to 220 THz at a twist of 180 There is no sign of a
second resonance, which might be hidden below the strong
Pn ) _ E;,(ry,) X Z GO(r, 7y) Py resonance. To bring out the second resonance more clearly,
"\ Hin(rn) i\ m we reduce the loss in Fig] 3(b), to a 10 times lower value
q:q;é;;N v = 1.25-10' s71) for gold in Fig. (c) and (d). For this
(29)  almost absorption-free system, Fid. 3(c) indeed shows two
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FIG. 3. Extinction cross sections..: versus frequency and twist angle for an SRR stereodimertates Panel (a) shows the geometry (top
view and side view) in which two SRRs are vertically stackEde upper SRR is rotated around thexis by the twist angley. We calculate
extinction for light impinging from the:-direction with polarization along;, i.e., along the base of the lower SRR in (b,c,e,f). In (d,g) w
use45° incidence in therz-plane, so that the H-field of the excitation light directtyuples also to the magnetic polarizability. Panels (b), (c)
and (d) show extinction assuming no cross coupling teym £ 0) while (e), (f) and (g) show extinction assuming strong netgrelectric
couplingnc = 0.4). Panels (b) and (e) assume the damping rate of gote 1.25 x 10'* s™*. To more clearly bring out the four mode
structure, we reduce the damping ten-fold for the calootatin (c,d,f, g). There are four modes present in the sysWhite lines in (b,e)
indicate the frequencies of the modes, as taken from th@aeses in the low-damping case, i.e., the resonances ifsg@ang). Since

resonances in extinction. The blue shifted resonance is nofvom the single SRR resonance that is significantly larger fo
observed to cross with a narrow red shifted resonance. Thivist angle180° than for(0°. These effects were explained
crossing is symmetric arourfi)® and is consistent with the by Liu et al. as due to an additive (subtractive) correctmn t
hybridization of an electric dipole fixed along with a sec- the dominant electric hybridization at twist anglg0° (0°)
ond one above it twisted by an amout The two branches that occurs due to magnetic dipole coupling. A surpriseas th
have a very different width and strength, consistent with th the diagram is not symmetric anymore aro®od twist as in
fact that a symmetric configuration of dipoles couples moreahe case of zero magnetic coupling. Instead, the extineginn
strongly to external fields (blue shifted resonance), than apears to show an anticrossing at twist argfle These features
antisymmetric ‘dark’ configuration (red shifted resongnce  were also predicted by FDTD simulations by Liu et&How-

To verify whether the two resonances observed in[Big. 3(afVer: the presence of an anticrossing at twist angle 60°
are all resonances in the system, we change the angle of i§ould not be interpreted Liu et & within an LC electrostatic
cidence to 45 in the zz plane, so that the exciting field has Circuit model, except by invoking higher order multipolarc
an H. component to drive the split rings, in addition to an rections. Here we see that a purely dipolar model may also
E, component. Figurig3(d) shows that in this case four reso€Xplain all features of the experiment provided that magmnet
nances occur in extinction. In addition to the two curveddsan €lectric coupling is accounted for. While we do not claimttha
excited byE,, there are also two non-dispersive bands with amultipolar effects are not present in actual experimetitsain
twist independent splitting. Obviously, these bands are duimportantinsight that split ring polarizabilities with igaeto-
to the coupling of two magnetic dipoles in symmetric (broadelectric coupling terms may provide much richer physicsithe
and intense band) and antisymmetric head-to-tail configurseXpected from electrostatic circuit theory. A main advgeta
tion. The existence of four instead of two modes is a new?f point dipole theory is that the underlying mode structure
insight compared to LC circuit mod&&3 but is logical in does not need to be recouped from FDTD simulations, but is

view of the fact that split rings have both a magnetic and arfasily resolved by repeating a calculation of extinctiomssr
electric response, which are decoupled under the assumpti§€ections with low loss (as done in Hg. 3), or by analyzing the
ne = 0. poles of the coupling matrix in Eq._{R9) that relatgs m)
Next we anal o to (Ei,, Hi,). The computational effort folV split rings is
yze the extinction in presence of magneto-_ ‘. : L . . :
electric coupling, settingo = 0.4. Again, we first examine equivalent to diagonalizing or invertingédV x 6 N matrix.

the extinction in presence of realistic logs£ 1.25-10' s71) To more clearly bring out all the resonances we artificially
for gold in Fig.[3(e). As also predicted by FDTD simulations reduce the damping = 1.25 - 103 s~ to ten times less than

by Liu et al23, there appear to be two bands. The blue-shiftedhe damping of gold, and plot the response of the system un-

band is again very broad, but now has a frequency shift awagler normal incidence (f) antb° incidence (g) in Fig 13 (f,g).
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The anticrossing at twist angle = 60° appears to be due to with, e.g., split ring clusters, as should be expected from a
the coupling of four modes, as opposed to the intuition fromconsistent model. Finally, our model is the simplest etectr
LC circuit theory that only two resonances anticross. The exdynamical model to consistently describe how metamaterial
istence of four, rather than two modes in a split ring dimer ap and photonic crystals are formed from magneto-electrit sca
pears surprising and is a second indication of the rich gisysi terers. A first step is to confirm the parameters used in this
of magneto-electric scatterers. Intuition from LC cirsug  work for ng, ng andnc by targeted experiments. While the
that although the subspace of driving fields is two dimeradion value forng used in this work is consistent with the extinction
(E, andH.), nonetheless only one mode per split ring exists.cross section measured by Husnik et’alwe propose that
The usual reasoning in LC models is that the relation betweethe new insight that magneto-electric coupling is far sgem
electric and magnetic dipole moment is completely fixed andhan the magnetic polarizability be confirmed by off-normal
independent of driving, since the loop current and accumueircularly polarized extinction measurements as propased
lated charge are directly related. Such a constraintis@et g sectior 1V.
eral: in electrodynamic multipole expansions, magnetlapo The most important property of our theory is that a polar-
izabilties are determined independently from the elecinies.  izability tensor validated for a single scatterer can rigclok
The intuition from LC theory that there is only one mode perused to predict all quantitative scattering propertiesarfie
scatterer is only retrieved in our model right at the limit of posite lattices and antennas. We hence expect that new in-
strongest magneto-electric coupling = /neng, since in  sights can be obtained in effective medium constants ofmeta
that case one polarizability is identically zero. We notatth material arrays. Our analytical model not only facilitaties
the values)g = 0.7,nz = 0.3,n¢ = 0.4 used in this work  sign, but will also for the first time allow to determine rig-
(that we fitted to our angle-resolved transmission expartme orously whether, even in the ideal case (no loss, no multi-
on 200x200 nm Au split rings on glass) are close to the limitpole corrections), metamaterial building blocks can gise r
of strong magneto-electric coupling. Whether a general-arg to a desired and p, despite the large importance of elec-
ment exists why physical scatterers are or are not exadthgat trodynamic correctiod€:€% In addition to generating new
limit of strongest magneto-electric coupling = \/ngng is  insights for metamaterials, our theory also opens new de-
a question outside the scope of this paper. sign routes for gratings and antennas with unprecedented po
larization properties. As an example, in this paper we an-
alyzed the four mode anticrossing due to magneto-electric
coupling in stereo-dimers. This analysis is easily extende
VI. CONCLUSION to magneto-electric Yagi-Uda antennas, diffractive qugi
of chiral building blocks, and magneto-inductive wavegsid
In conclusion, we have developed a new multiple scatteringhat may provide new ways to control the propagation and
theory by means of which we can calculate scattering and exemission of light6:61.62
tinction for any magneto-electric scatterer with knowngwel
izability tensor, as well as for arbitrary finite clusterss ép-

posed to LC circuit models, our new model obeys energy con- ACKNOWLEDGMENTS
servation, contains all interference effects, and allowesngi-
tative prediction of absolute cross sections, spectrahidths We thank Ad Lagendijk for stimulating and inspirative in-

and lineshapes. While outside the scope of this paper, #ie thsights, as well as Dries van Oosten and Lutz Langguth for
ory is readily extended to deal with arbitrary periodicitaat  discussions. This work is part of the research program of
by generalizing Ewald lattice sufiisto deal with bothE and  the “Stichting voor Fundamenteel Onderzoek der Materie
H. Since the electrodynamic polarizability tensor can be di{FOM),” which is financially supported by the “Nederlandse
rectly constructed from electrostatic circuit theory, w@ect  Organisatie voor Wetenschappelijk Onderzoek (NWO).”

that our model is readily applicable to many current experi-

ments using chiral and nonchiral metamaterial buildingkéo

for which electrostatic models have been proposed. Appendix A: Unit system

Our model does not give any insight into whether the re-
sponse of a given structure is truly dipolar or not. Also, our Throughout this paper we used units that significantly sim-
model does not provide any insight or quantitative prediti  plify notation throughout, as they maximimize the inter-
based on microscopic considerations for the magnitudesof thchangeability of electric and magnetic fields. Conversmn t
polarizability. For such microscopic considerationsdubgn, Sl units is summarized in Tablé I. For the conversion in Ta-
e.g., current density distributions derived from full waie-  ble[l, we usee for the host dielectric constant,for the ve-
ulations, we refer té8-2%:3%37.38 Rather, our model allows one locity of light, and Z for the impedance of the background
to verify if specific data or microscopic calculations areco medium. In this unit system, a plane wave h&$/|H| = 1,
sistent at all with point dipole interactions, allowing terv  and intensity/ = |E|?/(2Z), since the Poynting vector is
ify or falsify common intuitive explanations in literatutbat S = 1/(2Z)Re(E* x H). In these units, the cycle-averaged
have sofar always been based on electrostatic considesatio work done by an electric field® to drive an oscillatingp
Also, our model allows one to assess if a single polarizgbili equalsW = 27k/ZIm(E - p). The magnetic counterpart
tensor indeed can describe a range of different experiments W = 27k /ZIm(H - m)
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Quantity Symbol Relation to Sl
Electric field E |Egp

Magnetic field H |ZHg
Electric dipole moment p  |psi/(4me)
Magnetic dipole moment m  |mgi(Z/(4r))

Electric-electric polarizability app |0y /(4me)
Magnetic-magnetic polarizability ax g |a$ 5/ (4m)
Electric-magnetic polarizability|| apn |abg(c/(4m))
Magnetic-electric polarizability| apr |afiz(Z/(47))

Electric-electric Greentensor || Grr |47eG3y
Magnetic-magnetic Green tensortGry |4mG3 s
Electric-electric Green tensor || Gen |47/Z Gy
Magnetic-magnetic Green tensorGpe |47/c G3p

TABLE I. Conversion between Sl units and the unit system used
throughout this paper.
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