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Multisite covalent modification of proteins is omnipresent in
eukaryotic cells. A well-known example is the mitogen-activated
protein kinase (MAPK) cascade where, in each layer of the cascade,
a protein is phosphorylated at two sites. It has long been known
that the response of a MAPK pathway strongly depends on
whether the enzymes that modify the protein act processively
or distributively. A distributive mechanism, in which the enzyme
molecules have to release the substrate molecules in between
the modification of the two sites, can generate an ultrasensitive
response and lead to hysteresis and bistability. We study by Green’s
Function Reaction Dynamics (GFRD), a stochastic scheme that
makes it possible to simulate biochemical networks at the particle
level in time and space, a dual phosphorylation cycle in which the
enzymes act according to a distributive mechanism. We find that
the response of this network can differ dramatically from that pre-
dicted by a mean-field analysis based on the chemical rate equa-
tions. In particular, rapid rebindings of the enzyme molecules to
the substrate molecules after modification of the first site can
markedly speed up the response and lead to loss of ultrasensitivity
and bistability. In essence, rapid enzyme-substrate rebindings can
turn a distributive mechanism into a processive mechanism. We
argue that slow ADP release by the enzymes can protect the
system against these rapid rebindings, thus enabling ultrasensitiv-
ity and bistability.
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APK cascades are ubiquitous in eukaryotic cells. They are

involved in cell differentiation, cell proliferation, and apo-
ptosis (1). MAPK pathways exhibit very rich dynamics. It has
been predicted mathematically and shown experimentally that
they can generate an ultrasensitive response (2—4) and exhibit
bistability via positive feedback (5). It has also been predicted
that they can generate oscillations (6, 7, 8), amplify weak but
attenuate strong signals (9), and give rise to bistability due to en-
zyme sequestration (10, 11). MAPK pathways are, indeed, impor-
tant for cell signalling, and for this reason they have been studied
extensively, both theoretically (2, 3, 6-19) and experimentally (2,
4,5,17, 16, 20-22). However, with the exceptions of refs. 7, 9, 11,
15, and 19, the pathway is commonly modeled by using chemical
rate equations (2, 3, 6, 8, 10, 12-14, 16, 17). This is a mean-field
description, in which it is assumed that the system is well-stirred
and that fluctuations can be neglected. Here, we perform parti-
cle-based simulations of one layer of the MAPK cascade using
our recently developed GFRD algorithm (23, 24). Our simu-
lations reveal that spatio-temporal correlations between the en-
zyme and substrate molecules that are ignored in the commonly
employed mean-field analyses can have a dramatic effect on the
nature of the response. They can not only speed up the response,
but also lead to loss of ultrasensitivity and bistability.

The response time, the sharpness of the input-output relation,
and bistability are key functional characteristics of signal trans-
duction pathways. The response time does not only determine
how fast a cell can respond to a changing environment, but
has also been implicated to underlie many cellular decisions.
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For example, processes such as cell proliferation and differentia-
tion, selection of T cells, apoptosis, and cell-cycle progression are
believed to be regulated by the duration of the signal (15, 22,
25-27). The sharpness of the input-output relation, or the gain,
is a key property of any signal transduction pathway because it
directly affects the signal-to-noise ratio. Bistability can lead to
a very sharp, all-or-none response (5), buffer the cell against fluc-
tuations in an input signal, and makes it possible to lock the cell in
a given state. Indeed, bistability or, more in general, multistability
plays a central role in cell differentiation (28, 29). It is thus im-
portant to understand the mechanisms that underlie bistability,
the gain and the response time of MAPK pathways.

A MAPK cascade consists of three layers where, in each layer,
a kinase activates the kinase of the next layer. Importantly, full
activation of the kinase requires that it becomes doubly phos-
phorylated (Fig. 1). This is regulated via a dual phosphorylation
cycle in which the upstream kinase and a phosphatase control the
phosphorylation state of the two sites of the kinase in an antag-
onistic manner. A key question is whether the enzymes that
modify the kinase act in a processive or in a distributive manner
(2-4). In a distributive mechanism, the enzyme has to release the
substrate after it has modified the first site, before it can rebind
and modify the second site. In contrast, in a processive mecha-
nism, the enzyme remains bound to the substrate in between
the modification of the two sites. Whereas a processive mecha-
nism requires only a single enzyme-substrate encounter for the
modification of both sites, a distributive mechanism requires at
least two enzyme-substrate encounters.

Mean-field analyses based on the chemical rate equations have
revealed that whether the enzymes act according to a processive
or a distributive mechanism has important functional conse-
quences for the response of a MAPK pathway. A distributive
mechanism can generate an ultrasensitive response because
the concentration of the fully-activated kinase depends quadrat-
ically on the upstream kinase concentration (2-4). Moreover, if
the enzymes are present in limiting amounts, enzyme sequestra-
tion can lead to bistable behavior if they act distributively (10).
These mean-field analyses, however, assume that at each instant
the molecules are uniformly distributed in space. Here, we show
using particle-based simulations that spatio-temporal correla-
tions between the enzyme and the substrate molecules can
strongly affect the response of a MAPK pathway.
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Fig. 1. Dual phosphorylation cycle of one layer of the MAPK cascade. MAPK
(K) is activated via double phosphorylation by the kinase MAPKK (KK) of the
upstream layer and deactivated via dephosphorylation by a phosphatase (P).
It is assumed that the enzymes KK and P act distributively and become
inactive (KK* and P*) immediately after the substrate has been modified,
relaxing back to the active state with a characteristic time scale 7.

We perform particle-based simulations of one layer of a
MAPK pathway in which the enzymes act according to a distrib-
utive mechanism. The simulations reveal that after an enzyme
molecule has dissociated from a substrate molecule upon phos-
phorylation of the first site, it can rebind to the same substrate
molecule to modify its second site before another enzyme mole-
cule binds to it. Importantly, the probability-per-unit amount of
time that such a rebinding event occurs does not depend upon the
enzyme concentration. As a result, enzyme-substrate rebindings
can effectively turn a distributive mechanism into a processive
one even though modification of both sites of a substrate mole-
cule involves at least two collisions with an enzyme molecule. In-
deed, a distributive mechanism not only requires a two-collision
mechanism; it also requires that the rates at which they occur
depend upon the concentration.

Enzyme-substrate rebindings have important functional con-
sequences. Because they can effectively turn a distributive mech-
anism into a processive one, ultrasensitivity and bistability can be
lost. We also investigate, in-depth, the scenarios in which
rebindings become important. Enzyme-substrate rebindings be-
come more likely when the enzymes are reactivated more rapidly
after substrate modification, and when their diffusion constants
decrease. Because enzyme-substrate rebindings are faster than
random enzyme-substrate encounters, this observation leads to
the counterintuitive prediction that slower diffusion can lead
to a faster response.

Biological systems that exhibit macroscopic concentration
gradients or spatio-temporal oscillations, which have recently
been studied extensively, are typically considered to be reaction-
diffusion problems. The MAPK system is spatially uniform at
cellular length scales. Yet, its macroscopic behavior, such as
the presence of bistability, cannot be described by a mean-field
analysis that ignores spatio-temporal fluctuations at molecular
length scales (30). It is well-known that spatio-temporal correla-
tions at molecular length scales can renormalise rate constants
(31, 32). However, we believe that our results are the first to show
that spatio-temporal correlations at molecular length scales can
also qualitatively change the average, macroscopic behavior of a
biological system that is uniform at cellular length scales. This
underscores the importance of particle-based modelling of biolo-
gical systems in time and space.

Model

Dual Phosphorylation Cycle. We consider one layer of the MAPK
pathway, consisting of one dual modification cycle, as shown in
Fig. 1. Phosphorylation and dephosphorylation proceed via
Michaelis—Menten kinetics and according to an ordered, distribu-
tive mechanism. Importantly, we assume that the enzymes are
inactive after they have released their modified substrate; before
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they can catalyse the next reaction they first have to relax back to
the active state. The inactive state could reflect that the enzyme is
in an inactive conformational state after it has released its prod-
uct. For the kinase, it could also reflect that after it has released
its substrate ADP is bound; only when ADP has been released
and ATP has been bound does the enzyme become active again.
As we will discuss in detail below, the timescale for reactivation,
Trel» plays a key role in the dynamics of the system.
This model is described by the following reactions:

k
KK+K;_‘KK—KE>KK*+K, []
2
E\ ke *
KK + Ky 2 KK = K, KK + Ky, 2]
ke ks o,
P4 Ky =P =Ky SP 4K, 3]
ky kg
P4Ky S P=Ky=P K, [4]
5
ky ky
KK*SKK, and PSP, 5]

The first two reactions describe the phosphorylation of the kinase
of interest, MAPK (K), by the upstream kinase, MAPKK (KK),
whereas Eqgs. 3 and 4 describe its dephosphorylation by the
phosphatase (P). The inactive state of the enzymes after they
have released their product is denoted by the superscript *,
and the relaxation towards the active state is described by the last
two equations. For simplicity, we assume that reactivation can be
described as a simple unimolecular reaction with a time scale
Tre1 = 1/k;. We also assume that the system is symmetric, meaning
that the rate constants for the phosphorylation reactions are
equal to the corresponding rate constants for the dephosphoryla-
tion reactions. We will systematically vary the relaxation time 7,
the concentration, and the diffusion constant of the particles, D
(see below). For the other parameter values, we have taken ty-
pical values from the literature (see Methods).

GFRD. We will compare the predictions of a mean-field model
based on the chemical rate equations (10) with those of a model
in which the particles are explicitly described in time and space. In
this particle-based model it is assumed that the molecules are
spherical in shape, have a diameter o, and move by diffusion with
a diffusion constant D. Moreover, two reaction partners can react
with each other with an intrinsic rate k, = k; or k4 once they are
in contact, and two associated species can dissociate with an in-
trinsic dissociation rate k; = k, or ks, respectively.

One algorithm to simulate this model would be Brownian
Dynamics. However, because the concentrations are fairly low,
much computational time would be wasted on propagating the
reactants towards one another. We present and apply an en-
hanced version of our recently developed GFRD algorithm,
which uses Green’s functions to concatenate the propagation
of the particles in space with the chemical reactions between
them, allowing for an event-driven algorithm (23, 24) (see Meth-
ods). Whereas the particle-based reaction-diffusion model pre-
sented here is based on assumptions as discussed above, the
new GFRD algorithm, in contrast to Brownian Dynamics, is
an exact scheme for simulating such models.

Results

Rebindings. To understand the response of the dual phos-
phorylation cycle, it is instructive to consider the distribution
of association times for a bimolecular reaction. We consider a
simple bimolecular reaction, A + B=C, where one 4 molecule
can react with one of N B molecules to form a C molecule in
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a volume V. A model in which it is assumed that the particles are
uniformly distributed in space at all times, be it a mean-field con-
tinuum or a stochastic, discrete model, predicts that this distribu-
tion is exponential (Fig. 2). In contrast, in a spatially-resolved
model, the distribution of association times is algebraic on short
times and exponential only at later times (32).

The difference between the well-stirred model and the spa-
tially-resolved model is due to rebindings. In a well-stirred model,
the propensity that, after a dissociation event, the 4 molecule re-
acts with a B molecule only depends on the total density of B
molecules, and not on their positions; in a spatially-resolved
model this would amount to putting the dissociated B particle
to a random position in the cell. Because the total density of
B is constant, the association propensity is constant in time, lead-
ing to an exponential waiting-time distribution in the well-stirred
model. In the spatially-resolved model the situation is markedly
different. The B molecule that has just dissociated from the 4
molecule is in close proximity to the A molecule. As a conse-
quence, it can rapidly rebind to the 4 molecule before it diffuses
away from it into the bulk. Such rebindings lead to the algebraic
decay of the association-time distribution at short times. For
times shorter than the time to travel a molecular diameter,
t < Tymo ® 62 /D, the dissociated B particle, essentially, experi-
ences a surface of the 4 particle that is flat, and its rebinding dy-
namics is given by that of a one-dimensional random walker
returning to the origin, leading to the #~!/2 decay. At times
Tmol < ¢ < Tpuk, the dissociated B particle sees the entire sphere
of A, and the probability of a re-encounter event is that of a three-
dimensional random walker returning to the origin, decaying as
t73/2, Attimest > 7, the dissociated B particle has diffused into
the bulk, and it has lost all memory of where it came from. The
probability that this molecule, or more likely, another B molecule
binds the 4 molecule, now becomes constant in time, leading to
an exponential waiting-time distribution at long times (32).

Fig. 2 shows that the association-time distribution depends on
the concentration for ¢ > 7y, but not for ¢ < 7. Indeed,
whereas the encounter rate between two molecules in the bulk
depends on their concentration, the rate at which a rebinding
event occurs is independent of it. As we will show below, this
has major functional consequences for the response of the dual
phosphorylation cycle.

— 1x Concentration
— 3x Concentration
— 10x Concentration

- - Well-stirred (1x Conc.)

Probability

,_.
<
A

Ins 1us 1ms
Time

Fig. 2. The distribution of association times for a bimolecular reaction for
different concentrations. The system consists of one A molecule that can
associate with N = 10 B molecules according to the reaction A+ B<=C.
For t < 7o ® 02/D = 1 ps the distribution decays as t~'/2, for 7,0 < t < T ~
1 s it decays as t=3/2, whereas for t > 7, the distribution decays exponen-
tially. The algebraic decay is due to rebinding events in which a dissociated B
molecule rebinds the A molecule before diffusing into the bulk; this is unaf-
fected by the concentration of B, [B]. The exponential relaxation is due to B
molecules that arrive at A from the bulk, and is a function of [B]. The
concentration was controlled by changing the volume from V =1,0.33
and 0.1 um3, corresponding to [B] =N/V = 16,48 and 160 nM, resp.
k, =0.056 nM~'s!, ky=1.73s', D=1pum2s"" and 6 =5 nm.
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Fig. 3. Average response time as a function of the diffusion constant D
for 7, =10 ms (blue line) 7, =1 ps (green line), as predicted by the
particle-based model; for comparison, the predictions of the mean-field
model based on the ODE chemical rate equations are also shown (black lines).
Initially, only the phosphatases are active. At t = 0 the upstream kinases are
activated, and plotted is the response time 7., to reach on average 50% of
the final steady-state level of doubly phosphorylated substrate, [Kp,]s; this
is estimated through least-square fitting of the response [K,,](t) to
f(t) = [Kpplr(1 — exp(=In2(t/zes))). The optimum in the particle-based mod-
el is due to the interplay between phosphorylation of the first site that slows
down with decreasing diffusion constant because enzyme and substrate have
to find each other at random, and phosphorylation of the second site that
speeds up with decreasing diffusion constant because of enzyme-substrate
rebindings.

Rebindings Can Speed Up the Response. Fig. 3 shows the average
response time as a function of the diffusion constant for two
different values of the lifetime of the inactive state of the en-
zymes, 7.. The figure reveals that both the mean-field (ODE)
and the particle-based model predict that there is an optimal
diffusion constant that minimizes the response time. However,
in the mean-field model the optimum is barely noticeable (33).
To a good approximation, the mean-field model predicts that
the response time increases with decreasing diffusion constant
because enzyme-substrate association slows down as diffusion
becomes slower. In contrast, the particle-based model shows a
marked optimum that is most pronounced when 7, is short.
Clearly, the particle-based simulations predict that slower diffu-
sion can lead to a faster response.

The speed up of the response with slower diffusion is due to
the interplay between enzyme-substrate rebindings, and enzyme
reactivation. This interplay manifests itself in the distribution of
the second-association time, defined as the time it takes for a sub-
strate molecule that has just been phosphorylated (K,,) to bind a
kinase molecule (KK) for the phosphorylation of the second site
(Fig. 4). After a kinase molecule (KK) has phosphorylated the
first site of a substrate molecule (K), it will dissociate from it.
After dissociation, it is still in close proximity to the substrate
molecule, and it will therefore rapidly re-encounter the substrate
molecule before it diffuses away into the bulk. When the lifetime
7,¢ Of the inactive state of the kinase molecule is short compared
to the time 7., it takes for the enzyme and substrate molecule to
diffuse away from each other, the probability that upon a re-en-
counter the enzyme molecule has become active again such that it
can actually rebind the substrate molecule, will be large. Hence,
when 7, < 701, the kinase will often rapidly rebind the substrate
molecule, leading to the characteristic algebraic decay of #~3/% for
Tmol <t < tpu (Fig. 44). However, there is also a probability
that the enzyme molecule will escape into the bulk before it re-
binds the substrate molecule. If this happens, most likely, another
kinase molecule binds the substrate molecule. This scenario un-
derlies the exponential form of the second-association-time distri-
bution at longer times with the corner time 7y, ~ 0.1-10 s. It can
now also be understood why the marked peak in the distribution
at short times (Fig. 44) disappears when the enzymes’ reactiva-
tion time 7, becomes significantly longer than 7, (Fig. 4B):
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Fig. 4. Distribution of times it takes for a substrate that has just been phosphorylated once (Kp) to bind a kinase molecule (KK) for different diffusion
constants. The enzyme reactivation time is (A) z,f = 1 ps or (B) 7,ef = 10 ms; in both cases 7o ~ 1 ps and rpy ~ 0.1-10 s. (C) Probability that the two mod-
ification sites of a substrate molecule are phosphorylated by the same kinase molecule as a function of diffusion constant, for different enzyme reactivation
times 7,¢. It is seen that the probability of an enzyme-substrate rebinding event increases not only with decreasing enzyme reactivation time, but also with
decreasing diffusion constant. The latter explains why slower diffusion can lead to a faster response, as seen in Fig. 3.

after phosphorylation of the first site, the kinase will rapidly re-
encounter the substrate molecule many times but, because the
enzyme is most probably still inactive, it cannot rebind the sub-
strate molecule and it will therefore diffuse into the bulk. In the
SI Text we derive analytical expressions for the enzyme-substrate-
rebinding-time distributions and elucidate the different scaling
regimes that can be observed.

To understand why slower diffusion can lead to a faster re-
sponse when the lifetime of the enzymes’ inactive state is short
(Fig. 3), it is instructive to consider how the distribution of
second-association times depends on the diffusion constant.
Fig. 44 shows that the corner at 7y, shifts to longer times as
the diffusion constant is decreased. This is because the rate at
which a kinase molecule from the bulk encounters a given sub-
strate molecule is given by 1/7,y = kp = 4n6(Dg + Ds)[KK],
where o is the sum of the radii of the enzyme and substrate mol-
ecules and Dg and Dg are the diffusion constants of the enzyme
and substrate molecules, resp. Clearly, substrate phosphorylation
by kinase molecules that have to find the substrate molecules at
random slows down as the molecules move slower. However, the
figure also shows that the distribution at the corner time of 7y,
decreases in magnitude whereas the peak at 7, increases in
magnitude when diffusion becomes slower. This means that, as
the diffusion constant becomes lower, phosphorylation of the sec-
ond site is increasingly dominated by enzyme-substrate rebind-
ings rather than by random enzyme-substrate encounters. The
probability that the enzyme molecule is still in the vicinity of
the substrate molecule after it has relaxed back to the active state
increases as the diffusion constant decreases making a substrate-
rebinding event more likely. This is demonstrated quantitatively
in Fig. 4C, which shows the probability that both sites on the
substrate are phosphorylated by the same kinase molecule. As
expected, this probability not only increases with decreasing life-
time of the enzymes’ inactive state, but also with decreasing dif-
fusion constant. Because enzyme-substrate rebindings are more
rapid than random enzyme-substrate encounters, this explains
why slower diffusion can lead to a faster response.

While slower diffusion speeds up the modification of the sec-
ond site by making rapid enzyme-substrate rebindings more
likely, it also slows down the modification rate of the first site
because that is determined by the rate at which enzyme molecules
find the substrate molecules from the bulk. This is the origin of
the optimum diffusion constant that minimizes the response
time (Fig. 3).

Enzyme-Substrate Rebindings Can Weaken the Sharpness of the
Response. Fig. 5 shows the effect of enzyme-substrate rebindings
on the steady-state, input-output relation. It is seen that when the
reactivation time of the enzymes is long, 7, = 10 ms, the
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input-output relation is strongly sigmoidal (Fig. 5B). Moreover,
it does not depend much on the diffusion constant of the mol-
ecules, and it agrees quite well with that predicted by the
mean-field model based on the chemical rate equations (Fig. 5B).
In contrast, when 7, is short, that is 7, = 1 ps, the input-output
relation markedly depends on the diffusion constant (Fig. 54).
For large diffusion constants, the response curve agrees well with
that predicted by the mean-field model of a distributive mecha-
nism. But for lower diffusion constants, it increasingly deviates
from the mean-field prediction and it becomes significantly less
sigmoidal.

It is commonly believed that multi-site covalent modification
can lead to a sigmoidal, cooperative response when the enzymes
act distributively but not when they act processively (2, 34).
Whereas in a distributive scheme modification of # sites of a sub-
strate molecule requires at least n enzyme-substrate binding
events, in a processive scheme only one enzyme-substrate binding
event is needed. This is often presented as the explanation for
why a distributive mechanism enhances the sensitivity of the mod-
ification level to changes in enzyme concentration. However,
Fig. 54 shows that when the enzymes’ reactivation time is short
and the species’ diffusion constant is low, the input-output rela-
tion of a distributive, dual phosphorylation cycle approaches that
of a processive, dual phosphorylation cycle. This is due to en-
zyme-substrate rebindings. Even though during a rebinding tra-
jectory, the enzyme molecule is detached from the substrate
molecule and two binding events are required for full substrate
modification, the rate at which the second site is modified does
not depend on the enzyme concentration (Fig. 2). This is the prin-
cipal reason why enzyme-substrate rebindings can turn a distribu-
tive mechanism into a processive one.

1.0 —D =006 pm’ /s 1.0 —D =006 /s
—D=025 /s —D =025 ym’/s
—D=1.0 préis —D=10 pm?/s
—D=40 pm?/s —D =40 pm?/s '/
w - = Processive (D = 0.06) — Distributive ODE(D = 1) /¢
5 — Distributive ODE(D = 1) i
2
20.5 0.5}
a
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X,
0.0 A 0.0t B
0.01 100 0.01 100

1 0 17 : 1
KKV [P] KKV [P]

Fig. 5. Steady-state input-output relations for different diffusion constants
when (A) 7,¢) = 1 ps and (B) 7, = 10 ms. For comparison, we also show the
predictions of a mean-field (ODE) model of a distributive system with
D =1 pm?/s, and that of a particle-based model of a processive system with
D = 0.66 pm?/s (only in A). Note that when the reactivation time 7 is short,
the input-output relation of a distributive system approaches that of a
processive one as the diffusion constant is lowered (A, blue lines).
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Rebindings Can Lead To Loss of Bistability. Markevich et al. have
shown that bistability can arise in a dual phosphorylation
cycle when the enzymes act distributively and are present in limit-
ing concentrations (10). The idea is that if the substrate molecules
are, for example, predominantly unphosphorylated and a sub-
strate molecule is phosphorylated to become singly phosphory-
lated, it will most likely bind a phosphatase molecule to
become unphosphorylated again, instead of a kinase molecule
to become fully phosphorylated — when most of the substrate mol-
ecules are unphosphorylated, the kinase molecules are mostly se-
questered by the unphosphorylated substrate molecules whereas
the phosphatase molecules are predominantly unbound. How-
ever, this is essentially a mean-field argument that assumes that
the substrate and enzyme molecules are randomly distributed in
space at all times. Fig. 6 shows that spatio-temporal correlations
between the enzyme and substrate molecules can have a dramatic
effect on the existence of bistability. When the enzymes’ reactiva-
tion time 7 is long, spatio-temporal correlations are not impor-
tant and the system, indeed, exhibits bistability. But when 7, is
short, the probability that a substrate molecule that has just been
phosphorylated once will be phosphorylated twice is larger than
the probability that it will be dephosphorylated again. The chance
that it will rebind the kinase molecule that has just phosphory-
lated it will, because of the close proximity of that kinase mole-
cule, be larger than the probability that it will bind a phosphatase
molecule, even though, in this state, there are many more phos-
phatase than kinase molecules to which the substrate molecule
could bind to. These rebindings, or more precisely, spatio-tem-
poral correlations between the enzyme and substrate molecules,
are the origin of the loss of bistability when 7 is short (Fig. 6).
This mechanism differs markedly from that of (11), where the
disappearance of bistability relies on the nucleation of small do-
mains of the opposite phase. In the SI 7ext we discuss the depen-
dence on concentration.

Discussion

Multi-site phosphorylation is omnipresent in biological systems.
Perhaps the most studied example is the dual phosphorylation
cycle of the MAPK pathway, studied here, but other well-known
examples are the Kai system (35), the cyclin-dependent kinase
inhibitor Sicl (36), the Nuclear Factor of Activated T-cells system
(37), and the CaM kinase II system (38). Multi-site phosphoryla-

1.0
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-
‘-
-
- e = o

Fig. 6. Relative Kpp concentrations as a function of the lifetime of the
inactive state of the enzyme, z.o. [K]ioral = [KpP] + [Kp] + [K] was increased
to 500 nM to bring the system to a regime where the mean-field model,
based on the chemical rate equations, predicts bistability. At each value of
7o, the particle-based model was simulated until it reaches steady-state,
starting from four different initial conditions, [Kpp]/[Kliotal = 0 (blue), 0.3
(green), 0.7 (red), and 1 (cyan). Whereas the mean-field model shows
bistability over the whole range of 7, (black dotted lines), the particle-based
model exhibits a bifurcation from mono- to bistability at t ~ 100 ps. At this
bifurcation point, the system critically slows down, as a result of which it does
not even equilibrate after 350 s.
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tion can lead to an ultrasensitive response (2, 3), to a threshold
response (34), to bistability (10, 38), or synchronise oscillations of
phosphorylation levels of individual protein molecules (35), pro-
vided the enzymes act via a distributive mechanism. We have stu-
died by using a particle-based model a dual phosphorylation cycle
in which the enzymes act according to a distributive mechanism.
Our results show that rapid enzyme-substrate rebindings can ef-
fectively turn a distributive mechanism into a processive one,
leading to loss of ultrasensitivity and bistability. Moreover, our
results reveal that enzyme-substrate rebindings can significantly
speed up the response, with slower diffusion leading to a faster
response. Rebindings in equilibrium systems have been predicted
to change the noise in signal detection, but not the average re-
sponse (32, 39). Our results reveal that in a non-equilibrium sys-
tem rebindings may not only modify the dynamics, but can also
drastically change the average, macroscopic behavior.

The question of whether an enzyme acts processively because
of rebindings or because it remains physically attached to the sub-
strate is biologically relevant because the importance of enzyme-
substrate rebindings strongly depends on the conditions. As our
analysis reveals, it depends on the diffusion constants of the com-
ponents, the lifetime of the inactive state of the enzymes, and on
the concentrations of the components. Moreover, it is expected to
depend on crowding, because subdiffusion due to crowding can
significantly extend the time scales over which rebindings occur
(40). All these factors may vary from one place in the cell to
another and will vary from one cell to the next. In fact, an enzyme
that operates according to a distributive mechanism in the test-
tube may act processively in the crowded environment of the
cell. Our results thus highlight the importance of studying the
response locally within the cell by using, for example, FRET.

In our model, enzyme-substrate rebindings occur on short time
scales, of up to 1-10 ms (Fig. 4), corresponding to the time for a
protein to diffuse over a few molecular diameters. This raises the
question whether we should not have taken orientational diffu-
sion into account. However, the first and second phosphorylation
site are often close to each other on the substrate, separated, for
example, by only a single amino-acid residue (41). This suggests
that enzyme-substrate rebindings can, indeed, occur without
significant orientational diffusion.

The importance of enzyme-substrate rebindings depends on
the lifetime of the inactive state of the enzymes. For a typical
protein diffusion constant of D = 1-10 pm?s~! (42-44), the
rebinding probability drops below 10% when the enzyme reacti-
vation time becomes longer than 10 ms (Fig. 4C). Slow enzyme
reactivation may thus be critical for generating bistability and
ultrasensitivity. To our knowledge, reactivation times of enzymes
in MAPK pathways have not been measured yet. The reactivation
time of a kinase will depend sensitively on the order in which
ADP and modified substrate dissociate from it and ATP and sub-
strate bind to it. A recent study on a protein kinase revealed that
the modified substrate must dissociate from the enzyme before
the ADP, and that the ADP/ATP exchange must take place before
the enzyme can bind to the substrate again (45). Moreover, the
ADP release rate was approximately 0.2 s~! (45). This suggests
that slow ADP release may allow for ultrasensitivity and bistabil-
ity, although more work is needed to explore these mechanisms
in depth. Concerning bistability, it is possible that bistability
requires the phosphatase to act distributively (10). Bistability
could thus be lost if the mechanism by which the phosphatase acts
changes from a distributive to a processive mechanism due to re-
bindings. To our knowledge, it is unknown what the minimum
time is to reactivate a phosphatase. Rapid phosphatase reactiva-
tion may thus lead to loss of bistability.

Finally, how could our predictions be tested experimentally? If
the enzyme of interest is a kinase, then one experiment would be
to change the lifetime of the inactive state by varying the ATP
concentration or by making mutations that change the ADP
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release rate. Another proposal would be to study the enzyme ki-
netics as a function of the concentration of a crowding agent, such
as PEG (45). Crowding will, because of subdiffusion (40), make
enzyme-substrate rebindings more likely. Our analysis thus
predicts that an excess of PEG will turn a distributive mech-
anism into a processive one, implying that the crowded environ-
ment of the cell can qualitatively change the response of a
biological network.

Methods

GFRD. A reaction-diffusion system is a many-body problem that can not be
solved analytically. The key idea of GFRD is to decompose the many-body
problem into single and two-body problems that can be solved analytically
by using Green'’s functions (23, 24). These Green’s functions are then used to
set up an event-driven algorithm that makes it possible to make large jumps
in time and space when the particles are far apart from each other. In the
original version of the algorithm, the many-body problem was solved by de-
termining at each iteration of the simulation a maximum time step such that
each particle could interact with, at most, one other particle during that time
step (23, 24). In the enhanced version of the algorithm presented here, called
eGFRD, spherical protective domains are put around single and pairs of
particles (46). This allows for an exact, asynchronous event-driven algorithm
(SI Text).

MAPK Model. The model of the distributive, MAP kinase dual phosphorylation
cycle is sketched in Fig. 1 and described by Eqgs. 1-5. The rate constants are
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ky =0.027 nM~" -s7', k; =1.35s"", ks=15s", k,;=0.056 nM~"-s",
ks =1.73s7", k¢ =15.0s", and k; =In2/z,. The protein diameter ¢ =
5 nm. k; and k, are the intrinsic association rates, which are the association
rates for two species in contact; k, and ks are the intrinsic dissociation rates
(32). Whereas in the particle-based model the diffusion of the particles is
simulated explicitly, in the mean-field model, based on the ODE chemical rate
equations, diffusion is described implicitly by renormalizing the association
and dissociation rates (32): 1/kon = 1/k, +1/kp and 1/koss = 1/kg + Keq /Ko,
where ko, and k¢ are the renormalized association and dissociation rates,
resp., k, = kq, kg and kg = k,, k5 are the respective intrinsic association and
dissociation rates. kp = 4zoD is the diffusion-limited association rate and
Keq = ka/kq = kon/kost is the equilibrium constant. The particles were put
in a cubic volume of 1 pm? with periodic boundary conditions. The total en-
zyme concentration [KK] + [P] is 100 nM corresponding to 60 copies of mo-
lecules in the volume, and the total substrate concentration [K]+ [Kp]+
[Kpp] is 200 nM or 120 copies of molecules in Figs. 3-5, and 500 nM or
300 copies of molecules in Fig 6. The processive model consists of the follow-
ing six Et‘a?ZCtions, sEaring thele%same rate constanE‘s ka;s the diz;cributivgﬁmodel:
KK + K<SKK — K= KK = Ky KK + Kpp, P+ Kpp <SP = Kpp=P = Kp=P + K.
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SI Text

Enhanced Green’s Function Reaction Dynamics. Overview. We present
the enhanced Green’s Function Reaction Dynamics (¢GFRD)
simulation algorithm. We provide the concepts required to under-
stand the outline of the algorithm, but details on the algorithm,
such as the actual mathematical expressions for the employed
Green’s functions, other numerical procedures, and performance
analyses, will be given in a forthcoming publication (S1).

We solve the many-body reaction-diffusion problem by decom-
posing it into a set of many one body (single) and two body (pair)
problems, for which analytical solutions (Green’s functions) exist.
In the original version of the Green’s Function Reaction Dy-
namics (GFRD) algorithm, the many-body problem was solved
by determining at each step of the simulation a maximum time
step At such that each particle could interact with at most one
other particle during that time step. In practice, the maximum
time step At was determined as follows: (1) An interaction sphere
of radius H+/6D;At is drawn around each particle, where D; is the
diffusion constant of the i-th particle, and H is a user-set error
control parameter (usually 3 or 4); (2) The maximum time step
At is then set by the requirement that each interaction sphere
overlaps at most with one other interaction sphere. Subsequently,
for each single particle and pair of particles a tentative reaction
time is drawn, after which all particles are propagated simulta-
neously up to the smallest tentative reaction time, or to the max-
imum time step if that is smaller than the smallest tentative
reaction time (S2, S3). Although already up to five orders more
efficient than conventional reaction Brownian Dynamics (S4) and
also very accurate by its own right, the original GFRD algorithm
has three major drawbacks: (1) Because of the synchronous nat-
ure, the decomposition into one and two-body problems has to
happen at every simulation step; (2) All components in the system
are propagated according to the smallest tentative reaction time,
making the performance sub-optimal; (3) the decomposition into
single particles and pairs of particles involves cut-off distances,
which makes the algorithm inexact. The systematic error is con-
trolled by the H parameter, which determines the probability that
during a time step At a particle travels a distance further than the
maximum distance set by the requirement that each particle can
interact with at most one other particle. This means that there is a
trade-off between performance and error.

In the current work, we overcome the drawbacks of the original
GFRD scheme by putting protective domains around single par-
ticles and pairs of particles (S5). In this scheme, the next event of
a domain can either be a reaction, or one particle leaving the
domain. The tentative exit time for the latter event is computed
by imposing an absorbing boundary condition on the surface of
the protective domain. This makes the algorithm exact, and
allows for an asynchronous event-driven algorithm.

In the following sections, we explain how the reaction-diffusion
problem in a spherical protective domain is solved for the one-
body (Single problem) and two-body case (Pair problem), and
then describe how the simulations of the different domains are
integrated.

Single particle events. We consider a single particle of diameter d
surrounded by a spherical protective shell of radius a (Fig. S14).
Motion of a freely diffusing spherical particle is described by the
FEinstein diffusion equation,

opi(r.1|rg.15) = DV?p(r.1|ry. 1), [S1]
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where the Green’s function p, (r, f|ry, #;) denotes the probability
that the particle is at position r at time ¢ given that it was at r, at
time f,. We obtain the Green’s function p,(r, t|ry, ;) by solving
the diffusion Eq. S1 with the following initial and boundary
conditions:

pi(rtylrg,ty) = 8(r—ry), [S2]

pi(jr=ry| = a,try,ty) = O, [S3]
where § denotes the Dirac delta function.

From the Green’s function one can obtain the survival
probability

S, (tlrg. 1)) = / drp, (r,t|rg, 1y), [S4]
[r—rg|<a

which is the probability at time ¢ that the particle remains within
the protective sphere of radius a. This is related to the probability
per unit time that the particle escapes the domain for the first
time,

4" (tro. to) = =08 (tlro.to) /. (53]

Sampling from this escape-propensity function yields a tentative
escape time fegeape-

It is also possible that the particle undergoes a unimolecular
reaction. The probability that the next reaction happens in an
infinitesimal time interval ¢ and ¢ + dt is (S6)

queaction (t‘to)dt =k exp(—k(l‘ — to))dt, [Se6]

where k is the first-order reaction rate. This distribution can be
used to obtain the next tentative reaction time f..,ction-

The next event time of a single is given by the smallest of the
two tentative event times, namely,

tsingle = min(tescapew treaction)- [S7]

Particle pair events. To describe the diffusion and the reaction
of a pair of particles, we use the distribution function
P2 (x4, 18, t|x40, Yo, to), Which gives the probability that the parti-
cles A and B are at positions r, and rp at time ¢, given that they
were at ryy and rpg at time #,. This distribution function satisfies
for |r| > o, where 6 = (d4 +dp)/2 is the cross-section with d,
and dp the diameters of particles A and B, respectively, the
following diffusion equation:

Y40, Yo, to)
[D4V3 + DpVilps(rg.rp.t

O, (ry.1p,t

T40.YBo.to). [S8]

We aim to solve this equation for two particles that can react with
each other and diffuse within a protective domain. To our knowl-
edge, it is impossible to solve this equation and obtain the Green’s
function directly. We therefore apply the following tricks.

First, we make a coordinate transformation

Dgry + Dyrp

R
D, + Dg

[S9]
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r = rz-—ry, [S10]

and define the operators
VR = O0/0R, [S11]
V., = d/or. [S12]

Eq. S8 can then be rewritten as

o> (R, 1, 1Ry, 10, 1y) = [DgV + D, ViIp,(R, 1, £[Ry, ¥y, 1),
[S13]

where Dr =D Dg/(D4 + Dg) and D, = D4 + Dp. This equation
describes two independent random processes, one for the inter-
particle vector r and another for the center-of-mass vector R.
This means that the distribution function p,(r4, r,#|r49, r50, %)
can be factorized as pR (R, #|Ry. £o)p5 (r, £|ro, £y) and that the above
equation can be reduced to one diffusion equation for the coor-
dinate R and another for the coordinate r:

oPR (R, 1Ry, 1) = DrVEpR(R.1[Ry. 1), [S14]

ro.ty) = D,Vip5(r.t

op5(r.t r,ty). [S15]

The crux is now to define one protective domain for the inter-
particle vector r, with radius a,, and another for the center-
of-mass vector R, with radius ap (see Fig. S1B). These domains
have to be chosen such that when the inter-particle vector r and
the center-of-mass vector R would reach their maximum lengths,
given by |r| = a, and |R| = ag, respectively, the particles A and B
would still be within the protective domain for the two particles.

The diffusion equation for the center-of-mass vector now has
to be solved with the boundary conditions

PR(R.1|Ry. 1)) = 5(R —Ry),
PR(IR-Ry| = ag.t[Rqy. 1)) = 0.

[S16]
[S17]

This problem, of the center-of-mass diffusing in its protective
domain, is similar to that of the single particle diffusing in a pro-
tective domain as discussed in the previous section. From the cor-
responding propensity function gX (¢|ry) we can draw a tentative
time fg at which the center-of-mass leaves its protective domain.

The solution for the diffusion equation for the inter-particle
vector is less trivial, since it should take into account not only that
the inter-particle vector can leave its protective domain, but also
that the two particles can react with each other. This reaction is
included as an extra boundary condition, yielding the following
boundary conditions for the inter-particle vector r:

P5(r.4rg. 1) = 8(r — xp), [S18]

p5(Jr| = a,.t|rg.19) =0, [S19]

. 0
—](6,[‘[’0,[01) = 471'0'2D,5p§(1‘,t‘l’o,to)‘r‘:(, = ap£(|r| = O',t'ro,to),
[S20]

where d/dr denotes a derivative with respect to the inter-particle
separation r. Eq. S20 is the boundary condition that describes the
possibility that 4 and B can react with a rate k, once they are in
contact. Here, j(o,t|rg,%;) is the radial flux of probability
D5 (r,f|rg, 1)) through the “contact” surface of area 4zo”. This
boundary condition, also known as a radiation boundary
condition (S7), states that this radial flux of probability equals
the intrinsic rate constant k, times the probability that the par-
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ticles A and B are in contact. In the limit k, - oo, the radiation
boundary condition reduces to an absorbing boundary condition
p5(|r| = o,t|ry.ty) = 0, while in the limit k, — 0 the radiation
boundary condition reduces to a reflecting boundary condition.

From the Green’s function for the inter-particle vector r,
p5(r.tlrg,t), we can obtain two important quantities. The first
is the time #,;;,, at which the inter-particle vector crosses the re-
action surface given by |r| = c—meaning that the particles 4 and
B react with each other—and the other is the time #, at which it
“escapes” through the boundary of the protective domain given
by |r| = a,. The time at which the next event happens, be it a re-
action or an escape, can be obtained through the survival prob-
ability, which is given by

[S21]

S5 (g, to) = / drp’(r,t|rg, tg).
o<|r|<a,

The propensity function g% (t|r,. t,), which is the probability that

the next event happens between time ¢ and ¢ + dt, is related to the
survival probability by

083 (¢]ro. 1)

o . [S22]

g5 (tlrg, 1) = —

To know which of the two event types, reaction or escape, hap-
pens at time ¢, we split this quantity into two components,

g5 (t|ro. o) = q5(tIre. to) + g5 (o, 1) [S23]

J
= dSD, Epg(r,t

[r[=c

d
1o, 1) _/H dSDrEPE(r:”oJO)’ [S24]

where in the first term dS denotes an integral over the reaction
surface at |[r| = o, and in the second term an integral over the
boundary of the protective domain |r| = a,. The reaction rate
q5(t|rg, ty) is the probability that the next reaction for a pair of
particles, initially separated by rj, occurs at time ¢, while the
escape rate gy (f|ry.fy) yields the probability that the inter-
particle distance reaches a, and escapes from the protective
domain for the first time at time #. We can draw the tentative time
t for the next event, be it an escape or a reaction event, from
Eq. S22, and then determine which of the two takes place from
the ratio of g5 (¢|ry, fy) and g5 (#|ry,7,) at time . Alternatively, we
can draw a tentative time for a bimolecular reaction, t;,,, from
q5(t|ry,ty) and a tentative time for an escape event, f,, from
q5 (t|ro, ty); which of the two events can occur is then the one with
the smallest tentative time (see below). The function
2 p5(r,t]ry. 1) can be used to sample the exit points on the rele-
vant surfaces.

It is possible that the particles 4 and B do not only react with
each other, but also can undergo a unimolecular reaction of the
type X — .... In the same way as in the Single problem (Eq. S6),
we can also draw the times f;o0 A and #,0n0 3 at which the par-
ticles A and B undergo a first-order reaction, respectively.

The next event of a pair of particles in a protective domain is
thus one of the following events: (1) the center-of-mass leaving its
domain, (2) the inter-particle event leaving its domain, (3) a bi-
molecular reaction, (4) unimolecular reaction of molecule A4, (5)
a unimolecular reaction of molecule B. The event that actually
takes place is the one with the smallest tentative time. The next
event time for a protective domain with two particles is thus given
by

tpair = min(tR s s Thimos tmono,A s tmono,B ) . [S25]
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Algorithm outline. The outline of the eGFRD algorithm is given by

1. Initialize: Reset the simulator time (¢, <0). For each particle
in the system, draw a spherical protective domain of appropri-
ate size. When two particles are very close, create a Pair be-
tween them. Otherwise, create a Single object for each of the
particles. Then, for each of the Single and the Pair objects,
draw the next event type and the next event time according
to the formulations in the previous sections, and chronologi-
cally order the events in the scheduler.

2. Step: Pick the next event with the smallest scheduled time ¢
from the scheduler. Update the simulator time g, <. The
next even could either be:

!
=

yd
A

(a) Single event

(al) If the event is a Single escape event, then (i) propa-
gate the particle to a randomly determined exit point
on the surface of the protective domain; (i) check if
there are protective domains that are close to the
new position of the particle; (iii) if there are, burst
the neighboring domains, and propagate the parti-
cles in the burst domains to a new position, and
check if the current Single particle can form a Pair
with one of the neighboring particles; (iv) if a Pair is
formed, discard the current Single, determine the
new Pair event time (Eq. S25), and schedule the
new Pair event on the scheduler; and (v) for each
of the particles contained in the stepping Single
or the burst domains that are not used in formation
of the Pair, draw a new domain and schedule a Single
event on the scheduler.

(a2) If the event is Single reaction event, (i) propagate
the particle to a point r within the protective domain
according to the single Green’s function
P10, tm | Tlase, Hast)» Where f,g is the time the single
was created or the last time it stepped, and ry, is
the position of the particle at #,y; (i) execute the
reaction by replacing the particle with one or more
of the product particles placed next to each other;
and (iii) for each of the newly created particles, draw
a new protective domain and schedule a single event
on the scheduler.

(b) Pair event

(bl) If the event type is Pair reaction, meaning that the
two particles in the domain react, (i) draw the
new R from pR(R, fgim|Ryast, flast)» Where Ry is the
position of R at #,y, which is the time at which
the Pair was formed; (ii) remove particles A and
B of the Pair from the simulator; (iif) place the pro-
duct particle(s) at the new position R; (iv) draw pro-
tective domain(s) around the new particle(s), and
schedule Single event(s) on the scheduler.

(b2) 1If the event type is r escape, meaning that the inter-
article vector r leaves its protective domain, (i) sam-
ple the new R position as above; (if) sample the r exit
point from 2p%: (iii) determine the new positions
of A and B, r, and rg, by putting the R as calculated
in Eq. S1, and the exit point r on the surface of
the inter-particle protective domain as calculated
in Eq. S2, into Eqgs. S9 and S10; (iv) delete the Pair;
(v) create a Single domain and schedule a new single
event on the scheduler for both A and B.

(b3) If the event type is R escape, meaning that the
center-of-mass leaves its domain, (i) sample the
new interparticle vector r with p5(r, fgm|Fiast, fast)s
where rj, is the interparticle vector at the time
tase it was last updated; (i) sample the R exit point
from 2 pX; (iii) displace the particles A and B to the
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new positions; (iv) delete the Pair; (V) create two
Singles and schedule them on the scheduler.

If the event type is Single reaction, (i) burst the pair
domain and update the positions of the particles
A and B by Sampling pg(R’ tsim‘RlaSlv tlast) and
D5 (T, tsim|Tast. fast); (i) execute the reaction of the re-
acting particle according to the same procedures as
used in the Single event; (iii) create a new Single do-
main for the other (non-reacting) particle and sche-
dule it on the scheduler.

3. Goto 2.

(b4)

It can happen that more than two particles come very close to
each other, making it difficult to draw protective domains of suf-
ficient size around each of the particles (S5); this could bring
the simulations to a standstill. To preempt this scenario, the
algorithm puts one protective domain around the “squeezed”
particles to form a third type of object called “Multi.” The par-
ticles in this domain are propagated according to Brownian
dynamics (S4) until the particles recover from the squeezed
condition. Because it is guaranteed that Brownian dynamics con-
verges to the correct solution when a sufficiently small step size is
used (S4), this squeezing recovery procedure does not affect the
overall accuracy of the simulation.

The actual forms of the single and Pair Green’s functions, ef-
ficient numerical evaluation methods for the Green’s functions,
more details on the algorithm including the recovery procedure
from squeezing, and handling of surfaces will be described in a
forthcoming publication (S1).

Rebinding-time distribution. In this section we present scaling re-
lations for the rebinding-time distributions of two particles that
can diffuse and react with each other in a large compartment.
These results give a mathematical interpretation of the non-
monotonic form of the enzyme-substrate rebinding-time distribu-
tions, shown in Fig. 44 and B of the main text.

The problem is reduced to solving the reaction-diffusion equa-
tion for a random walker that can diffuse in a domain internally
bounded by a sphere of radius o, and to which it can bind with an
intrinsic rate k, once it is in contact with the sphere. This repre-
sents the evolution of the inter-particle vector r describing the
distance between a substrate molecule and the enzyme molecule
that has just modified it.

The rebinding probability can be obtained from the Green’s
function p,(r,|ry,t;). The probability that a particle that starts
at the origin given by |r| = o returns to the origin at a later time
t, is given by

o — eP?/7\/zDia erfc (a %)
4re3\/nDt '

where a = 1+ho and erfc is the complementary error func-
tion. If we assume that the enzyme becomes active immediately
after enzyme-substrate dissociation, then, according to Eq. S20,
the rebinding-time probability distribution can be expressed as

0,0) = [S26]

pa(o.t

P2 (1) = kypy(0.1]6,0). [S27]

This rebinding-time distribution has a number of properties.
Firstly, the total probability that there is a rebinding is smaller
than one:

- 1
dtp,p(t) = ——=< 1 S28
] A /4 eb( ) 1+ % [ ]
Secondly, upon a variable change ¢= Tm, the
rebinding probability distribution can be rescaled as
30f7
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Drev(7) = Tz;,},(_?gf(f)v fl@) = [\/——— eterfe(y/7)].  [S29]

T

The function f(z) has the shape of two power laws f(7) ~ \L[ for
7 < landf(r) = f for > 1, in accordance with the results pre-
sented in Figure 2 of the main text. In fact, we can estimate the

time for the inflection point to be 7, = WM. Here, 7,4

represents the time after which most of the rebindings correspond
to particles that start at contact, but wander away from the reac-
tion sphere before they return to and rebind the reaction sphere.
We stress that these trajectories are rebinding trajectories; we
thus exclude trajectories where particles diffuse in the bulk
and come back in a memory-less fashion (see also below). The
t=1/2 scaling for t < 7., can be understood by noticing that on
this time scale particles stay close to the surface of the reaction
sphere; indeed, on this time scale the particles essentially see a
flat reaction surface, meaning that the return-time distribution is
that of a 1D random walker as described in the main text. The
t=3/2 scaling for ¢ > 7,,, can be understood by observing that on
this time scale the particles have diffused away from the surface
of the sphere; the particles now see the entire sphere, which
means that the rebinding-time distribution is that of a 3D random
walker returning to the origin. Interestingly, z,,,; depends on k,.
When k, is increased, the probability that a particle binds the
target upon contact increases. Hence, the probability that after
a time ¢ the particle is still performing a 1D random walk close
to the surface, decreases as k, increases—the particle has either
reacted with the surface, or escaped from the surface, thus per-
forming a 3D random walk.

So far we have assumed that upon dissociation, the enzyme and
substrate can rebind as soon as they are in contact again. If, how-
ever, they can only rebind after the enzyme has become active
again, then the rebinding-time distribution is given by

Prnlt / dr / 4rrdrp (7.0 |6, O)kapocs (D (0.1 — £} 0),
[S30]

where

Pact(t) = kacte_kmt [S31]
is the enzyme reactivation distribution with k.. =1/7,, and
p5(r.try,0) is the solution of the Smoluchowski equation with
a reflecting boundary condition—this reflects the idea that when
the enzyme has not become active yet, the substrate cannot
bind it.

Wheras we do not know an analytical expression for the
rebinding-time distribution of Eq. S30, we can derive a lower
bound pMit(s) and an upper bound pM¥(r) for it, such that
Poin(1) < prep(t) < pm(¢). The upper bound priX(¢) is based

- / reb
on the inequality

pa(o,t=1|r,0) <p,y(o,t—1]0,0), [S32]
with equality for r = . This inequality expresses the fact that the
probability that the particles are in contact at a later time ¢ de-
creases with the initial distance. This yields the upper bound

P 0 = [ dhpatpato.r 110 1533

Using the solution for p,(s,t — ¢ |6, 0) as described in S29 one can
show that for small ¢ the bound increases with ¢ as /¢, while for
large 7 it decreases with 7 as . The upper bound pii*(r) thus has
a non-monotonic behaV1or gomg to zero at both zero and
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infinity. The position of the maximum depends on the two time
scales 7. = 1/k,q and 7, and is located in the inter-
val [MIN(Tmols Trel) MAX(Tmolv Trel)]'

The lower bound pmin(r) is based on the inequality
pa(r.tle,0) < p;(r.tlo,0). This reflects the idea that with a radia-
tion boundary condition, the particle can react with the reactive
sphere (and thus leak out of the system), whereas with a reflecting
boundary condition it cannot. This yields the following expression
for the lower bound

PR (0) / APk (0. 115, 0), [S34]
= (1 — e~k p,(5.1]5,0), [S35]
= St ()P0 (1), [S36]

where s, (¢) is the probability that the enzyme is active after time
¢ and p, (¢) is the enzyme-substrate rebinding-time distribution
assuming that the enzyme is active at all times. This lower bound
has a number of interesting scaling regimes, depending on the
relative values of 7, and 7. They can be understood intuitively
by making the following observations: as discussed above, for
< Ty, POy (1) ~171/2, while for ¢ > 7,01, p%, (£) ~7*/%; more-
over, for t < 7y, Sac(t) ~t, while for ¢ > 7, 5,(t) = 1. Hence,
for t < MIN(Tpyol, Tret), PI(1) ~t71/2 Xt ~1T1/2, while for
> MAX (111, Trel)s PR (£) ~ 173/2. Moreover, when Ty < Tyl
PN (1) ~ 1712 for 1,y <t < 75, because s, — 1 and po, (£)~
12, And in the scenario that 7,0 < 7ye, pMN(E) ~ 1712 for
Tmol <1 < Ty, because s,e ~ 1 and po, (1) ~173/2.

Fig. S2 shows the predictions of the upper bound Eq. S33 and
lower bound Eq. S36 for the rebinding-time distribution given by
Eq. S30, for three different scenarios: (1) 7o) < 7ol (Blue line);
(2) Tre1 & Tmol (Green line); (3) 7o) > Tmol (Red line). It is seen that
in all three scenarios the upper and lower bound for p,., (f) con-
verge for ¢ > 7,,;. Indeed, in this regime, where the enzyme is ac-
tive, prep () scales as t73/2, Tt is also observed that when 7,y < 710
(Blue and Green lines), the difference between the upper and
lower bound for p,(¢) is very small, even when ¢ < 7,.. This
implies that both bounds are good approximations for p ., (f);
we can thus conclude that, to a good approximation, p ., (¢) scales
as t'/2 for t < MIN(t,y, Tmo1) and t~'/2 for 7,4 <t < 74 When
Trel < Tmol- Lhe difference between the bounds arises when 7, >
Tmol (Red line); in this scenario, the bounds differ in the regime
Tmol <t < 7). The question arises which bound is closer to the
actual rebinding-time distribution, p.,(¢). To this end, we com-
pare our analytical results with the simulation data, shown
in Fig. S3.

In Fig. S3 we show the simulation results of Fig. 4 of the main
text. When ¢ > 7, the rebinding-time distribution is exponen-
tial. This is due to particles that come from the bulk, and bind
the reactive sphere in a memory-less fashion. This regime is
not described by the analysis discussed above, which is performed
for the geometry of an infinite, spherical domain internally
bounded by a reactive sphere. For this geometry, in three dimen-
sions, there is a probability that the particle escapes to infinity
without returning to and reacting with the reactive sphere. In
a bounded domain, when a particle escapes from the vicinity
of the reactive sphere into the bulk, it will return to the reactive
sphere on a time scale 7. Therefore, the rebinding-time distri-
butions for the infinite domain analyzed above and the finite
domain of the simulations, are the same, but only up to zy. This
also means that to observe the different power-law scaling
behaviours, 7, > MAX (%), Tmol)-

In A of Fig. S3, 7| & me1, While in panel B 7, > 7,,,41. In both
scenarios prey(f) ~ (£)'/? when t < MIN(z, Tpo1), in accordance
with the analysis of the upper and lower bounds of p. ()
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presented above. Both panels also show that when
MAX (Tpol. Trel) < < Toulk> Preb () ~ 1>/, An interesting regime
IS Tymol <t < 7y in the case that 7, > 71, (panel B). It is seen
that the simulation results suggest that p,. () ~¢'/% in this
regime. This is predicted by the lower bound for p ., (¢), Eq. S36,
but not by the upper bound, Eq. S33 (see Fig. S2). This can be
understood by noting that in this regime, 7, <t < 7., the
enzyme is mostly still inactive and the particle can thus diffuse
away from the reactive sphere; while the lower bound of Eq. S36
captures this effect, the upper bound of Eq. S33 does not, since it
is based on the inequality p, (o, —¢'|r,0) < p,(o,t — 10, 0).

The effect of concentration. Fig. S4 shows the input-output relation
as a function of concentration. Here, the concentrations of all
components are increased by the same factor from the base-line
values used in Fig. 54 of the main text. It is seen that both the
particle-based model and the mean-field model predict that an
increase in concentration induces bistability, although the
concentration at which the bifurcation occurs is higher in the
particle-based model.

Fig. S5 elucidates the origin of why an increase in concentra-
tion can induce bistability, both in the mean-field model and the
particle-based model. Bistability arises when a substrate molecule
that has been phosphorylated once, is more likely to be dephos-
phorylated again than to become fully phosphorylated (similarly,
the probability that after a fully phosphorylated molecule has
been dephosphorylated once becomes fully phosphorylated
again, should be higher than that it becomes fully dephosphory-
lated). We therefore plot in Fig. S5 the probability that a substrate
that has just been phosphorylated once, either binds the same
kinase molecule as the one that just phosphorylated it (this is
most likely due to a rebinding event), another kinase molecule
(from the bulk), or a phosphatase molecule (from the bulk);
the system is in a state where most substrate molecules are un-
phosphorylated. It is seen that the fraction of rebindings is fairly
constant. This can be understood as follows: (1) the probability
that a molecule returns to the origin before it looses memory

1. Takahashi K, Tanase-Nicola S, ten Wolde PR (2009) in preparation.

2. van Zon JS, ten Wolde PR (2005) Simulating biochemical networks at the particle level
and in time and space: Green's function reaction dynamics. Phys Rev Lett 94:128103.

3. vanZon JS, ten Wolde PR (2005) Green’s-function reaction dynamics: A particle-based ap-
proach f or simulating biochemical networks in time and space. J Chem Phys 123:234910.

4. Morelli MJ, Tanase-Nicola S, Allen RJ, ten Wolde PR (2008) Reaction coordinates for the
flipping of genetic switches. Biophys J 94:3413-3423.

where it came from is independent of the concentration (see Fig. 2
of the main text)—only the memory-less returns from the bulk
depend on concentration; (2) when a rebinding event happens,
it happens very fast; as Fig. 2 of the main text shows, rebindings
are dominated by events that occur on time scales of ¢ < Ims.
These time scales are so short, that the probability that an enzyme
molecule from the bulk interferes with a rebinding event, is neg-
ligible, even up to concentrations of 100-1000 times the baseline
value, i.e., 10 — 100uM; only above that concentration can mol-
ecules from the bulk effectively compete with those undergoing a
rebinding trajectory, and will the probability that a dissociated
molecule rebinds drop significantly. Up to a concentration of
10 — 100pM, there is thus an essentially constant probability,
independent of the concentration, that both sites of a substrate
molecule are modified by the same enzyme molecule. Now
bistability can arise when the antagonistic enzyme in the bulk wins
the competition from the agonistic enzyme undergoing the re-
binding event and the other agonistic enzymes in the bulk. Fig. S5
shows that when the concentration is increased, the competition
between the kinase (the agonist) in the bulk and the phosphatase
(antagonist) in the bulk changes in favor of the phosphatase. This
is because the system is in a state where the substrate molecules
are mostly unphosphorylated, and in this state the kinase mole-
cules become increasingly sequestered by the unphosphorylated
substrate molecules as the concentration is increased. This in-
creases the probability that a molecule that has just been phos-
phorylated once, will bind a phosphatase (antagonist), which will
drive it back towards the unphosphorylated state. Increasing the
overall concentration thus changes the competition between the
kinases and the phosphatases in the bulk in such a way that the
driving force towards a state in which the substrate molecules are
either fully unphosphorylated or fully phosphorylated, increases.
In essence, increasing the concentration drives the system deeper
into the bistable regime. This makes it possible to overcome the
effect of rebindings, which tends to drive the system out of the
bistable regime, as shown in Fig. 6 of the main text.

5. Opplestrup T, Bulatov VV, Gilmer GH, Kalos MH, Sadigh B (2006) First-
passage monte carlo algorithm: Diffusion without all the hops. Phys Rev Lett
97:230602.

6. Gillespie DT (1977) Exact stochastic simulation of coupled chemical reactions. .J Phys
Chem 81:2340.

7. Agmon N, Szabo A (1990) Theory of reversible diffusion-influenced reactions. .J Phys
Chem 92:5270-5284.

Fig. S1. Single and Pair objects. To solve the many-body problem exactly, protective domains are put around single particles (A) and pairs of particles (B).
(A) The radius of the protective domain of a single particle is denoted by a. (B) To solve the reaction-diffusion problem of two particles that can react with each
other and diffuse within a protective domain with radius %, we construct two protective domains: one for the center-of-mass R, with radius ag, and one for the
interparticle vector r, with radius a,. The radii az and a, can be freely chosen, provided that when R and r would reach their maximum lengths, i.e., when
|IR| = ag and [r| = a,, the particles A and B would remain within the protective domain. The latter means that az and a, should satisfy the following two
constraints: 1) ag +a,Da/(Da+ Dg) < ®—064/2, which reflects that particle A should remain with the protective domain with radius %; 2)
ar +a,D/(Dy + Dg) < R —6p/2, reflecting that B should remain with the protective domain with radius %. Although ai and a, can be freely chosen provided
that these constraints are met, an efficient choice is given by a% /D2 = (a, — ro)?/D?, meaning that the average time for R to reach the boundary of its domain by
free diffusion, equals that of r. To illustrate the constraints, Panel B shows a scenario where R and r reach their maximum lengths; here, D5 = Dg.
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Fig. S2. The upper bound Eq. $33 (Dashed lines) and lower bound Eq. $36 (Solid lines) of the rebinding-time distribution, given by Eq. S30, for three different
scenarios: (1) 7o) < tmol (Blue lines); 7,1 & 101 (Green lines); t,e) > o (Red lines). It is seen that both bounds converge when t > 7, It is also seen that the
difference between the bounds is rather small when t < 7,,,o1. The difference between the upper and lower bounds arises for 7,4 < t < 7,¢, When 7, > 7,0 (Red
lines). This is because in this case the reactive sphere (i.e., enzyme) is mostly still inactive, and the (substrate) particle thus tends to diffuse away from it. This
phenomenon is captured by the lower bound, but not by the upper bound. For a comparison with the simulation results, see Fig. S3.
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Fig. $3. The enzyme-substrate association-time distribution of Fig. 4 of the main text, together with the scaling regimes as predicted by the analysis of the
upper and lower bounds for the rebinding-time distribution (see Fig. S2); in Panel A 7, & Tmei, While in Panel B t.¢ > 70 FOr t > 71, the association-time
distribution is exponential, because on this time scale the particles meet each other at random in the bulk. As predicted by the analysis of the upper and lower
bounds for the rebinding-time distribution (see Fig. S2), the enzyme-substrate association-time distribution scales as t'/2 for t < MIN(z ), 7re), and as t=3/2 for
MAX (Zmol, Trel) < t < Tpui; While the t'/2 scaling is seen in both panels, the t=3/2 is only seen in Panel A, because in Panel Bty approaches z.o. Panel B shows
that the lower bound Eq. $36 correctly predicts the t='/2 scaling for 7o < t < rel, When 7r¢) > 7ol
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Fig. S4. Steady-state input-output relations for different concentrations. The concentrations of all components are increased by the same factor. (A) Baseline
parameter values; the concentrations equal those corresponding to Fig. 5A in the main text: [K],, = 200nM, [KK] + [P] = 100nM). (B) 3x concentration
([Kltotal = 600nM, [KK] + [P] = 300nM), (C) 10x concentration ([K]iya = 21M, [KK] + [P] = 1uM), (D) 100x concentration ([K],oa = 20pM, [KK] + [P] = 10puM).
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Fig. S5. The probability that a substrate molecule that has been phosphorylated once will bind the same kinase molecule (Blue), another kinase molecule
(Red) or a phosphatase molecule (Green), for different concentrations; the baseline values correspond to Fig. 5A of the main text and Fig. S4. It is seen that the
fraction of events where the substrate molecule binds the same kinase molecule again is fairly constant, while the fraction of events in which the substrate
molecule binds another kinase molecule strongly drops in favor of those in which the substrate molecule binds a phosphatase molecule, when the concen-
tration is increased by a factor 10 from the baseline value—as shown in Fig. S4, the system now becomes bistable.
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