Periodicity enclosed in boundaries: local
density of statesin photonic clusters

V. Prosentsov and *A. Lagendijk

Complex Photonics Systems (COPS), Faculty of Science and
Technology and MESA+ Research Institute, University of Twente,
P.O. Box 217, 7500 AE Enschede, The Netherlands

prosentsov@yahoo.com

1FOM-Ingtitute for Atomic and Molecular Physics Kruislaan 407,
1098 SJ Amsterdam, The Netherlands

a.lagendijk@amolf.nl

Abstract: ~ We have studied the effect of the boundaries on the local
density of states (LDOS) in one-, two-, and three-dimensiona finite
size photonic structures. The LDOS was calculated with the help of the
local perturbation method (LPM) and a new LPM-Bloch method using
periodicity of the system. The methods are applicable for the clusters made
of small (relative to the incident wavelength) particles or for the clusters
which can be considered as made of such particles. It was demonstrated that
the LPM-Bloch method is an accurate numerical tool for calculation of the
LDOS in thefinite size photonic structures with weak interference.
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1. Introduction

It is well known in physics that sometimes it takes much less effort to study an ideal infinite
system than afinite one. This fact has deep roots and far-reaching consequences. One of them
isthat infinite-theory formalism is frequently used to study real systemswhich are finite ones.
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Consider for example an infinite photonic crystal containing point sources placed period-
ically with the same period as the system. Obviously, the field generated by these sources
should be also periodic and it is sufficient in this case to consider the fields in only one unit
cell. The same should be true for the identical system of finite size when boundary effects can
be neglected. The important question is: are the boundary effects really weak in finite photonic
crystals? One can not answer on this question in advance. There are photonic systemswherethe
boundary effects are important for any size of the system because of the strong interference be-
tween boundary and volume. Recently, the impact of the boundary on the local density of states
(LDOS) and the frequency (Lamb) shift was investigated in the work [1] for two-dimensional
photonic crystals. It was shown that the LDOS and the Lamb shift are sensitive functions of the
shape of the cluster. In reality, the boundary effects can be screened due to multiple imperfec-
tions and loses existing copiously in photonic crystals [2]. Without the losses, when scattering
by particles is strong, the boundaries should affect the fields inside the cluster. Thisis not the
case for an ideal (without defects) infinite system where the particles interact but never scatter
as a boundary does.

In this paper we calculate the local density of states (LDOS) in a photonic cluster by using
two methods. Thefirst method isthe classical local perturbation method (see for exampleworks
[3] and [4]) ideally suited for finite structures made of small particles. The second oneisanew
method taking into account the periodicity of the scatterers in the cluster. In addition it also
uses elements of the local perturbation method (LPM). In the following we will call the second
method the L PM-Bloch method. The method is based on the assumption that the scatterers (or
particles forming the scatterers) are small compared to the incident wavelength and that fields
inside a cluster are amost periodic, implicitly implying what the boundary effects are weak.
The advantage of the new method is that a much larger cluster can be calculated because the
computer memory demand is much less then for the LPM.

In this paper we will compare the two methods for the case when the results of the LPM are
exact (with the high numerical accuracy). For this purposewe study LDOS in the clusters made
of particles which are small compared to the incident wavelength (see also [4] for comparison
between LPM and exact results). We come to the surprising conclusion that the results of the
LPM and the LPM-Bloch method do not converge when the size of the cluster grows.

It is interesting to note that in the work [5] the LDOS was studied for the finite photonic
structures with the help of the periodic boundary conditions (PBC). It was shown that in band
gap region the LDOS tends to the LDOS of an infinite system when the size of the cluster
increases. From the physical point of view, the application of the PBC meansthat one considers
an infinite system where the cal culation accuracy growswith the density of k vectors (implicitly
taken into account) and the density of the vectors is proportional to the cluster’s size. From a
calculation with the PBC it is difficult to extract the properties of arealistic cluster.

2. Theory of the LPM-Bloch method

The local density of states p in a dielectric medium is proportional to the imaginary part of
the trace of the Green’s tensor in polarization space and defined as (see, for example [6] and
interesting discussions therein about the definition of the LDOS)

p(r,a)):—zwiolm[Tré(r,r)} , (1)

mc
where o is the circular frequency, c is the velocity of light in vacuum, €¢ is the permittivity of
the host medium, and é(r, r') is the Green's tensor at observation point r with source placed
at point r’. Imand Tr denote imaginary part and trace respectively. Note that the formula (1)
holds in any dielectric medium without gain. The expression (1) shows that the LDOS can be
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easily computed when the Green’s tensor é(r, r') is known. In the following we will calculate
the Green’stensor by using the LPM and by using the periodicity of the system.

The equation for the quasiperiodic Green’s tensor G(r,r’ k) in the finite periodic medium
with periodically placed sourcesis defined by the following equation (see for example[7] where
an infinite system was considered)

R R 2 N
AG(KF’,k)—V@VG(fJ',kH%e() (r,r' k)= Z (r—r' —rpe<m (2

Here ® defines tensor product, £(r) isthe permittivity of the medium containing scatterers, lis
the 3 x 3 unitary tensor in polarization space, and ¢ isthe Dirac deltafunction. Thevectorr , =
2 >, ma;, where m; are integers and a; are the basis vectors of the system having a Brillouin
zone with volume Vgz. Note that the vector k defines the quasiperiodicity or Bloch property of
the tensor G(r,r’,k) such that in the case of the infinite system or afinite system with periodic
boundary conditions

G(r + .t +ry,k) =G(r,r’ k)< n=rw), ©)

and the Green's tensor G(r,r’) is found from the formula

N 1/ ~
G(r,r’):\E/BZG(r,r’,k)dk. 4)

Thus, solving the equation (2) relative G(r,r’,k) one can find the Green's tensor G(r,r’) with
the help of (4). We assume that the condition (3) is valid for finite size photonic structures. In
this case thetensor G(r,r’, k) can be found with the help of the LPM asit is shown in Appendix.
Below we present the final result for the Green's tensor (the details of the solution of the Eq.
(2) can be found in Appendix)

(r r' k)= (r r'k)— (5)

02 [~ VoV N wrn [ fa(Q)EF 10
?(w @ > (0,r',k) g goér/m o dq,

Wherek(%:‘g—zzeo, G(0,r' k) = G(rq,r’, k)’ o and fn(q) isthe Fourier transform of the func-
r—

tion describing the shape of the scatterer (see also Appendix) and

R N N dko|r—r'=rq|
Golr ', K) = — - ('+V®V) >4 ge, ©)

an k(2) n=1 [r—r'—rn|

is the quasiperiodic Green's tensor of the free space. The formula (5) is the main result of this
section. It explicitly shows that the total Green’s tensor is a sum of the free space term Gp and
term due to the scattering by particles. The later is proportional to the contrast of the particles
&n — & and depends on the particle’s shape fn. Theinterference between the scatterers as well
as their resonance properties are taken into account by only one term G(O,r’ ,k) that should
be calculated by solving the system of 9 linear equations obtained by substituting r by r ,, into
(5). In contrast, the LPM requiresto solve the system of 9 x N1 x N, x N3 linear equations that
is computer memory and time consuming. The formula (5) can be essentially simplified for
identical (en = €1, fn(q) = f1(q)) spherically symmetric (fa(q) = fn(|q|)) scatterers. In this
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Fig. 1. The normalized scalar LDOS of the finite 1D periodic system versus size parameter
wd/2rc for observation point X = 0.1 um. The system consists of 21 layers centered at
x = 0. The permittivities of the layers are es; = 1.5 (Fig. 1(8)) and es; = 3 (Fig. 1(b)) and
their width is L = 0.0125 um. The period of the system isd = 1 um and the permittivity
of the host medium is g = 1. The red curve shows the LPM result (" exact result”) and the
blue dashed one represents the LPM-Bloch result calculated by using 201 subdivisions in
k-space for numerical integration.

case the second integral in (5) can be explicitly calculated with the help of the of method of
residues. Finally we obtain

~ ~ ok [~ VoV & gfr
G(r,r’) = Go(r,r’ +—(I+ ) -
(r,1") = Golr.r') &)X R ke

Vaz

where o = 21%(e; — €0) f1(ko) /€0 and Ry = |r — | is the distance between the observation
point and n-th scatterer. Note that fn(ko) ~ Vn/ 873, where V,, is volume of the n-th scatterer.
Formula(7) givesthe Green’stensor of amedium periodically filled with N identical spherically
symmetric particles which are small compared to the incident wavelength. Note that, when the
scatterers are not sufficiently small (koL > 0.2, for example), they should be subdivided into
smaller particleswith size L g, such that kgLgyn < 0.1. It isinteresting to note that the expression
(7) describesthe Green’stensor of infinite photonic crystal when N — . Moreover, theformula
explicitly showsthat even small losses in the host medium (small positiveimaginary part of k)
[imit the number of interacting particlesin infinite photonic crystal.

It should be emphasized here that the main assumption of the L PM-Bloch method is the ex-
istence of the quasiperiodicity (expression (3)) for afinite size photonic system. Obviously, the
assumptionisnot correct for thelossless systemswherelight freely propagatesfrom one bound-
ary to another. Weak interference between scatterers (due to small contrast or large distance,
for example) and small losses allow to treat finite system as infinite one because of the effec-
tive absence of the boundaries. In this case the expression (3) should be correct. When there
is adeviation from the quasi periodicity, the error of the LPM-Bloch method increases with the
number of particles (and the size of the cluster as well) as can be seen from the formula (7).
Additional discussion about influence of the quasiperiodicity on the error of the LPM-Bloch
method can be found at the end of the Sec. 3.2.

G(0,r' k)X ndk, )
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Fig. 2. Thenormalized scalar LDOS of the finite 2D system versus size parameter wd/2rc
at the point x = 0.01 um, y = 0. The system consists of 13 x 13 (Fig. 2(a)) and 21 x 21
(Fig. 2(b)) circles with radius L = 0.01 um and permittivity ez = 9. The period of the
system isd = 0.05 um and the permittivity of the host medium is g = 1. The scatterers
are arranged into square lattice centered at x =y = 0. The red curve shows the LPM result
("exact result”). The blue dashed and solid lines represent the L PM-Bloch results cal cul ated
by using 11 and 81 subdivisions in k-space (along each axis) for numerical integration.

3. Numerical examples

In this section we present the numerically calculated LDOS for photonic clusters by using
the LPM and the LPM-Bloch formalism. The error of the LPM-Bloch method, on one hand,
increases with number of the scatterers and their contrast. On the other hand, the dimensionality
of the system and the distance between the particles effectively decrease the influence of the
boundaries (as well as interference between the scatterers) and as a result, the error of the
LPM-Bloch method drops. In the case of the vector wave situation becomes more complicated
due to the strong near field interference between the particles. When the distance between
the particles grows, the interference sharply goes down and the accuracy of the LPM-Bloch
calculation effectively increases.

3.1. Scalar case: 1-3D systems

Consider first the scalar wave propagation in simplest one-dimensional (1D) system formed by
periodically placed layers. The Fig. 1(a) and 1(b) show the LDOS calculated for 1D systems
with the help of the LPM and the LPM-Bloch formalism. The Fig. 1(a) shows the normalized
LDOS versussize parameter od/2rc for the system consisting of 21 layers at observation point
x= 0.1 um. The layers are centered at x = 0 and have width L = 0.0125 pum and permittivity
&g = 1.5. The period of the system isd = 1 um and the permittivity of the host medium is
& = 1. Thered curve showsthe LPM result and the blue dashed one representsthe L PM-Bloch
result. One can see the very good agreement between the results until od/2rc = 1.5. When
we increase the permittivity, the width, or the number of layers the accuracy of the LPM-Bloch
method decreases. As an example, the Fig. 1(b) showsthe LDOSfor the same system consisting
of layerswith ez = 3. Our calculations show that period does not affect the accuracy. Thisisdue
to infinite interference length between layersin 1D system. For 2D and 3D systems, in contrast,
the interference between particles decreases with distance between them. The decreasing of
the accuracy of the LPM-Bloch method with increasing the contrast or the number of layers
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Fig. 3. Thenormalized scalar LDOS of the finite 3D system versus size parameter wd/2rc
at the point x = 0.01 um, y = z= 0. The system consists of 13 x 13 x 13 (Fig. 3(a)) and
21 x 21 x 21 (Fig. 3(b)) spheres with radius L = 0.01 um and permittivity ez = 9. The
period of the system is d = 0.05 um and the permittivity of the host medium is g =
1. The particles are arranged into simple cubic lattice centered at r = 0. The red curve
shows the LPM result (" exact result”). The blue dashed and solid lines represent the LPM-
Bloch results calculated by using 11 and 81 subdivisions in k-space (along each axis) for
numerical integration.

indicates that |ossl ess finite one-dimensional system has no LDOS quasiperiodicity.

Another interesting example is the two-dimensiona (2D) system consisting of the small
circles arranged into square lattice. The Fig. 2(a) and 2(b) show the LDOS calculated for the
2D systems with the help of the LPM and the LPM-Bloch formalism. The Fig. 2(a) shows
the normalized LDOS versus size parameter owd/2nc for the system consisting of 13 x 13
circles at observation point x = 0.01 um, y = 0. The circles are centered at x =y = 0 and have
radius L = 0.01 um and permittivity ec = 9. The period of the system isd = 0.05 um and
the permittivity of the host medium is g9 = 1. Thered curve shows cal cul ations made with the
help of the LPM and the blue ones (dashed and solid) represent the LPM-Bloch result. One
can see relatively good agreement between the results despite the high index contrast. The Fig.
2(b) shows the LDOS for the same system consisting of 21 x 21 circles. One can see that the
accuracy of the calculations deteriorates with the number of particles (asin 1D case), however
less pronounced. Thereason isthat 2D systems are more open than 1D onesand theinterference
in 2D systems decreases asr ~ /2 whilein 1D systemsit oscillates.

The last example is the three-dimensional (3D) system consisting of the small spheres
arranged into cubic lattice. The Fig. 3(a) and 3(b) show the LDOS cal cul ated for the 3D systems
with the help of the LPM and the LPM-Bloch formalism. The Fig. 3(a) shows the normalized
LDOS versus size parameter od/2rc for the system consisting of 13 x 13 x 13 spheres at ob-
servation point x = 0.01 um, y = z= 0. The spheres are centered at r = 0 and have radius
L =0.01 pumand permittivity e« = 9. The period of the system isd = 0.05 um and the permit-
tivity of the host medium is g9 = 1. The red curve shows the result calculated with the help of
the LPM and the blue ones (dashed and solid) represent the L PM-Bloch result. One can seerel-
atively good agreement between the results. The Fig. 3(b) showsthe LDOS for the same system
consisting of 21 x 21 x 21 spheres. One can see that thereis no obviousloss of accuracy dueto
the number of the particles (for this period of the system). We would like to emphasize that we
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Fig. 4. The normalized vector LDOS of thefinite 3D system versus size parameter wd/2rc
at the point x = 0.01 um, y = z= 0. The system consists of 9 x 9 x 9 spheres with radius
L =0.01 um and permittivity exc = 9. The periods of the systems are d = 0.025 um (Fig.
4(a)) and d = 0.05 um (Fig. 4(b)) and the permittivity of the host medium is gy = 1. The
particles are arranged into simple cubic lattice centered at the point r = 0. The red curve
shows the LPM result (" exact result”). The blue dashed and solid lines represent the LPM-
Bloch results calculated by using 11 and 81 subdivisions in k-space (along each axis) for
numerical integration.

used typical values for the parameters and other values bring us to the same conclusions.

3.2. \ector case: 3D systems

TheFig. 4(a) and 4(b) show the vector LDOS cal culated for 3D system with the help of the LPM
and the LPM-Bloch formalism. It show the normalized LDOS versus size parameter od/2rc
for the system consisting of 9 x 9 x 9 spheres at observation point x = 0.01 um, y =z =0.
The spheres are centered at r = 0 and have radius L = 0.01 um and permittivity e = 9. The
periods of the systems are d = 0.025 um and d = 0.05 um respectively. The permittivity of
the host medium is g9 = 1. The red curves show the result calculated with the help of the LPM
and the blue ones (dashed and solid) represent the LPM-Bloch result. One can see relatively
good agreement between the results. However, there is distinctive difference between the LPM
and the LPM-Bloch curves. The difference does not vanish with increasing of the number of
subdivisions in k-space and it becomes practically constant (offset to some extent) for low
frequencies. When the period growsthe difference decreases considerably. The Fig. 5 showsthe

relative error A defined as A = PLU_PLPMSloh versys normalized period of the cluster d/2L at

wavelength A = 14.5 um (static regime). Solid line shows the relative error A while the dashed
one shows cubically decreasing function ~ (d/2L) ~2 for comparison. The Fig. 5 shows that
the results predicted by the LPM and the LPM-Bloch formalism become practically identical
(A=0.015) for valuesd/2L > 1.5. Thisindicates that the photonic cluster made of spheres can
be treated as infinite one (at least for the LDOS calculations) when d > 3L.

The best way to understand the nature of the difference at low frequenciesisto compare the
Green'stensors cal culated with the help of the LPM and with the LPM-Bloch method. For our
purposes it will be sufficient to consider the cluster made of identical spheres. In this case the
Green's tensor calculated with the help of the LPM takes the following form (the result can be

#92175 - $15.00 USD Received 5 Feb 2008; revised 30 Mar 2008; accepted 2 Apr 2008; published 1 May 2008
(C) 2008 OSA 12 May 2008/ Vol. 16, No. 10/ OPTICS EXPRESS 6980




1 15 2 25
d/2L

Fig. 5. The relative error A versus normalized period of the cluster d/2L at wavelength
A =145 um. The solid line shows A while the dashed one shows cubically decreasing
function ~ (d/2L)~3 for comparison. The LDOS was calculated at the point x = 0.01
um, y=z= 0 for the system consisting of 9 x 9 x 9 spheres with radius L = 0.01 um
and permittivity ez = 9. The permittivity of the host medium is gy = 1. The particles are
arranged into simple cubic lattice centered at the point r = 0.

easily obtained form the formula (11) in work [4])

N
Vfév) &R ), ®

= R
where G(rn, r') is the Green's tensor inside n-th scatterer. The Green’s tensor calculated with
the help of the LPM-Bloch method is given by the formula (7). Comparing the formulas (7)

and (8) we can see that the expressions will coincide when G(rn,r') = [g, OBr K) gk,
i.e. when the condition of quasiperiodicity (3) will be satisfied. For the static regi mewhen the
incident wavelengthis much larger then the cluster’s size (koN¥/3d < 1) thetensor G(0,r’,k) =

G(ry,r',k) _ satisfies the following equation
-

G(r,r") = Go(r,r') + k3 (IA+

3| 1n®| in —
=2 R%n

while the tensor G(O, r') can be obtained from the following system of equations

G(0,r',k) = BGo(0,r" k) + o f8 e'k’”G(Or k) )

~ & 3l
Glrir) = BGolrt)+ap Y PG ) (10)
n=1n#j jn
p - (280+81)1 | _ Ti~n
= 380 stjn — ‘rJ _rn‘v

where one should use G(0,r') = G(ry,r") . Note that the sums in the expressions (9) and
rq

=0
(10) are due to interference between the partml&s forming the cluster and in the absence of
the interference the expressions are identical (after the integration in k space required for the
formula (9)). The solution of the equation (10) can be found by substituting of the tensors
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é(rn,r’) in this equation by the expression (10) for the pointsr ,. For the tensor G(O,r’) we
have

N 3l1n®lgn —

GO(rnar/)+ ) (11)
—2 i

GO,y = B|Go(0,r)+ap

3@l N3l ®I —1.
zﬂz InWlin — z nk nk G(I’k r/)
M k=L KN

where we wrote down only threefirst terms. Comparing the expression (11) with the expression
(9) (after integration in k space) one can see that they differ by the term proportional to o 2/ r?n.

The factor oczrj’n6 is of the order of 1 for smallest distance between the particles (d = 2L)
when the error is maximal. When the period between the particles growsto d = 3L, the factor
o?r -*,16 decreases in 10 times that roughly corresponds to the situation presented in the Fig.
5. This analysis shows that the LPM-Bloch formalism does not take into account the second
order interference effects which are very strong for short periods and exist only in finite size
structures (for infinite structures the formalism is exact).

4. Conclusions

We have introduced a new approximate LPM-Bloch method calculating fields in the photonic
clusters with weak interference between particles. We have demonstrated that the LPM-Bloch
method is an accurate numerical tool for the calculation of the LDOS in such photonic struc-
tures.

The boundaries affect the LDOS inside a photonic cluster when interference between scatter-
ersis strong. These boundary effects should be taken into account when the LDOS s cal cul ated
in low loss and high contrast photonic clusters.

Appendix: Computation of the Green’stensor by using the periodicity and the local per-
turbation method

Before solving the equation (2) we note that for simple lattices permittivity of the medium can
be represented in the following form

Mz

e(r)=e+ Y (en—eo)fn(r —rn), (12)

n=1

where g, is the permittivity of the n-th scatterer, N is the total number of the scatterers, r , =
ZI 1 M; is the radius vector of the n-th particle, and m; are integers. The function fn(r —rn)
is the unit step function describing the shape of the n-th particle, such that

f (r—rn){ 1, insideparticle 13

0, outsideparticle -

Note, that the complex lattices containing more than one particle in unit cell can be described
the similar way. Taking into account the formula (12) we rewrite the equation (2) for the quasi-
periodic Green's tensor in the following form

AG(r,r',k) = V@ VG(r,r' k) + KG(r,r' k) + (14)

w2 N N
—22 en— €0) fn(r —rn)G(r,1r' k) = 2 (r—r' —rp)ekm,
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wherekg = /gy = 21/ A is the wave number in the host medium.

An approximate solution of the equation (14) can be found with the help of the local per-
turbation method (see for example work [3]) when the characteristic size (L) of the scatterer is
small compared to the incident wavelength, i.e. when koL < 1. The key hypothesis of the local
perturbation method (LPM) is the assumption that the solution é(r ,I' k) is arelatively slow
function of coordinates, so that

fo(r —r)G(r, 1" k) & fo(r —rn)G(rn,r', k). (15)
Applying the LPM (15) and the Bloch property (3) we obtain from the equation (14) that
AG(r,r' k) = V@ VG(r,r' k) +KG(r,r' k)+ (16)
w2 J Krn krn
anl(en—eo)fn(r—rn) G(0,r' k)ekTn = g (r—r'—rp)é

WhereG(Or k)= (rl,r k)‘ O.Theequation(lG)canbetterbesolvedbyusingthespatial
r=

Fourier transformation on the coordinater. The Fourier transform é(q, r') of the quasiperiodic
Green's tensor takes the form

R ~ q®q N eik-rnfiq-(r’Jrrn)
G(q,r'.k) = (l - —) i (17)
@ ) &) @
w2 N _ fn(q)ek-Tn
— Y (&n—&0)G(0,r' k) —5——— 4,
c n;l ) (k3 — )
where

G(a.r' k) = 8_7153/00 G(r,r’ k)e ' dr,

fn(q)efian = 8_7]-;3 /oo fn(r — I’n)eiiq'rdl',

are the Fourier transforms of G(r,r’,k) and fu(r —ry,) respectively. Fourier transforming of
(17) back to the real space gives

G(r,r',k) = Go(r,r' k)— (18)
w2 /[~ VoV |krn oo fn(q)eiq.(rfrn)
?(H——k% ) 0,1,k ; lwi(kg—qz) da,

where ol
A L VeV J el
Go(r,r' k) = 4”(|+ @ g‘llr—r’—rrﬂé , (19)

is the quasiperiodic Green's tensor of the free space. Explicit integration of the expression (18)
over the Brillouin zone gives

G(r.1') = Go(r,r)— (20)
w2 R V®V N e|q r—rn
0,r' k) e”””dk/ 7(1
C*Vez ( ) g‘ /B cor a—q@
where ol
S~ 01 (o VgV delT
Go(r,r)_—E <|+?) W, (2

isthe Green's tensor of the free space.
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